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Abstract 

The effect of both the magnetic field and mass transfer on buoyancy induced flow over vertical plate embedded in a non-
Newtonian fluid saturated porous medium has been modeled and analyzed. The power-law fluid model is used to characterize the 
non-Newtonian fluid behavior. Similarity solution for the transformed governing equations is obtained with prescribed variable 
surface heat flux. Numerical results for the details of the velocity, temperature and concentration profiles are presented. Excess 
surface temperature as well as concentration gradient at the wall associated with heat flux distributions, which are entered in 
tables, have been presented for different values of the power-law index n  buoyancy ration B1 , magnetic field parameter Mn  
and the exponent λ  as well as Lewis number Le . 
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1. Introduction 

The flow and heat transfer in an electrically 
conducting fluid permeated by a transverse magnetic 
field is of special interest and has many practical 
applications in manufacturing processes in industry. 
During the industrial stages, the production may need 
to be consolidated by internal heat generation. The 
heat transfer rates can be controlled using a magnetic 
field. One of the ways of studying 
magnetohydrodynamic heat transfer field is the 
electromagnetic field.  

MHD flow of non-Newtonian fluids had been 
studied by Gorla et al., 1993. El-Amin and Mansour, 
2001 studied the effects of magnetic field on 
buoyancy induced flow of non-Newtonian fluids over 
a horizontal plate embedded in a porous medium with 
variable surface temperature or with variable heat 
flux. The problem of buoyancy induced flow of non-
Newtonian fluids in a porous medium past a vertical 
plate with non-uniform surface heat flux was studied 
by Mehta and Rao, 1994. Hossain and Ahmed 1990, 
studied the combined effect of forced and free 
convection with uniform heat flux in the presence of 

a strong magnetic field. El-Amin et al., 2001 
investigated the influences of magnetic field on 
buoyancy induced flow over vertical flat plate 
embedded in a non-Newtonian fluid saturated porous 
medium. Rashad, 2008, studied influence of radiation 
on MHD free convection from vertical flat plate 
embedded in porous media with thermo phonetic 
deposition of particles. Pal and Talukdar, 2010a 
investigate buoyancy and chemical reaction effects 
on MHD mixed convection heat and mass transfer in 
a porous medium with thermal radiation and Ohmic 
heating. Abdul-Hakeem et al., 2010, studied magneto 
convective heat and mass transfer over a porous plate 
with effects of chemical reaction, radiation 
absorption and variable viscosity. Effects of thermal 
radiation and viscous dissipation on MHD viscoe-
lastic free convection past a vertical isothermal cone 
surface with chemical reaction studied by El-Kabeir 
et al., 2012.  

The problem of natural convection over a non-
isothermal body of arbitrary shape embedded in a 
porous medium was studied by Nakayama and 
Koyama, 1991. Chen and Chen, 1988, presented 
similarity solutions for free convection on non-
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Newtonian fluids over vertical surfaces in porous 
media. Mehta and Rao 1994 investigated the 
buoyancy induced flow of non-Newtonian fluids over 
a non-isothermal horizontal plate embedded in a 
porous medium. The problem of forced convection 
heat transfer on flat plate embedded in porous media 
for power-law fluids has been analyzed by Hady and 
Ibrahim, 1997. A similarity solution for free 
convection from a point heat source embedded in a 
non-Newtonian fluid saturated porous medium was 
presented by Nakayama 1993. Non-similar solutions 
for mixed convection in non-Newtonian fluids along 
horizontal surfaces in porous media were investigated 
by Gorla et al., 1997. Yang and Wang 1996, studied 
the problem of free convection heat transfer of non-
Newtonian fluids over axisymmetric and two-
dimensional bodies of arbitrary shape embedded in 
fluid saturated porous medium. A review of natural 
convective flows due to combined buoyant 
mechanisms in porous media was presented by Nield 
and Bejan, 1999. Angirasa et al., 1997, investigated 
combined heat and mass transfer by natural 
convection with opposing buoyancy effects in a fluid 
saturated porous medium. Rastogi and Poulikakos 
1995, considered non-Newtonian fluid saturated 
porous media and presented similarity solutions for 
aiding flows with concentration. El-Amin et al 2004, 
studied combined effect of magnetic field and lateral 
mass transfer on non-Darcy axisymmetric free 
convection in a power-law fluid saturated porous 
medium. Mass transfer effects on the non-Newtonian 
fluids past a vertical plate embedded in a porous 
medium with non-uniform surface heat flux 
investigated by El-Hakiem and El-Amin, 2001. 
Cheng, 2009 studied the natural convection heat and 
mass transfer from a vertical truncated cone in a 
porous medium saturated with a non-Newtonian fluid 
with variable wall temperature and concentration. 
Chamkha, et al., 2011 studied the heat and mass 
transfer by non-Darcy free convection from a vertical 
cylinder embedded in porous media with temperature 
dependent viscosity. Natural convection boundary 
layer of non-Newtonian fluid about a permeable 
vertical cone embedded in porous medium saturated 
with a nanofluid studied by El-Hakiem, et al., 2011. 
El-Hakiem, 2014 studied the heat transfer from 
moving surfaces in a micro polar fluid with internal 
heat generation. The effect of radiation and double 
dispersion on mixed convection heat and mass 
transfer in non-Darcy porous medium; is investiggate 
by El-Hakiem, 2014.  

In the present work, it is proposed to study the 
effect of magnetic field and mass transfer on the non-
Newtonian fluids past a vertical plate embedded in a 

porous medium with non-uniform surface heat flux. 
The power-law fluid model is used to charactenize 
the non-Newtonian fluid behavior. Similarity solution 
for the transformed governing equations is obtained 
with prescribed variable surface heat flux. The values 
of heat transfer coefficient and concentration gradient 
at the wall are determined. 

2. Basic Equations 

The present work was undertaken in order to 
investigate the problem of effect of magnetic field 
and mass transfer on buoyancy-induced flow over 
vertical flat plate embedded in a non-Newtonian fluid 
saturated porous medium. The x − coordinate is 
measured along the plate and y− coordinate normal 

to it. The applied magnetic field is primarily in y−
direction and varies in strength as a function in x . 
No externally generated electrical field is imposed. 
The magnetic Reynolds number of the flow is taken 
applied magnetics can be neglected. Under all these 
assumptions the governing equations for the flow and 
heat transfer are given by: 

∂u
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where q2 = u
2
+ v

2
. 

Subjected to the following boundary conditions: 
y = 0 : v = 0, ∂T

∂y
= −

q
k
, C =Cw as y→∞ :

u = 0, T = T∞, C =C∞  
(7) 

where u  and v  are the Darcian velocity components 
in the x −  and y− directions, respectively, B  is the 
applied magnetic field, k  is the effective thermal 
conductivity of the saturated porous medium, p  is 

the pressure, T  is the temperature, C  is species 
concentration, D  is the chemical molecular 
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diffusivity, K  is the modified permeability of the 
porous medium, β  is the thermal expansion 

coefficient, µ  is the dynamic viscosity, ρ  is the 
density, g  is the acceleration due to gravity and α  is 
the thermal diffusivity. The power-law fluid model is 
used to characterize the non-Newtonian fluid 
behavior. Christopher and Middleman 1965 and 
Dharmadhikari and Kale, 1985 proposed the 
following relationships for the permeability as a 
function of the power-law index n  as follows: 

6
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(Dharmadhikari and Kale 1985) 

where d  is the particle diameter while ε  is the 
porosity. When n <1  the model describes 
pseudoplastic behavior, whereas n >1  represents 
dilatant behavior. 

As the thermal boundary layer is thin, the 
boundary layer approximations analogous to classical 
boundary layer theory can be applied. The 
experimental and numerical studies on convective 
heat transfer in a porous medium show the thermal 
boundary layers exist adjacent to the heated or cooled 
surfaces (Nield and Bejan, 1999). The normal 
component of the seepage velocity near the boundary 
is small compared with the other component of the 
seepage velocity and the derivatives of any quantity 
in the normal direction are large compared with 
derivatives of the quantity in direction of the wall. 
Invoking the Boussinesq approximation, the pressure 
can be eliminated from Eqs. (2) and (3). Under these 
assumptions, therefore the basic governing equations 
are given by: 

∂u
∂x

+
∂v
∂y

= 0  (9) 

u
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The following dimensionless variables are as 
follows: 

x = x
L
, y = yRa

1/2

L
, u = uL

αRa
, v = vL

αRa1/2
,

T = (T −T∞ )
q0L

, C = x
n(2λ+1)/(2n+1)(C −C∞ )
(Cw −C∞ )

.  
(13) 

where, Ra  is the modified Rayleigh number defined 
by: 

Ra = L
α
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and hence the dimensionless equations are given as 
follows: 
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and the boundary conditions become 

at y = 0 : v = 0, ∂T
∂y

= −Q(x), C = x−n(2λ+1)/(2n+1)  

as y→∞ : u = 0, T = 0, C = 0.  
(19) 

where, B1 =
kβ *(Cw −C∞ )

q0Lβ
x−n(2λ+1)/(2n+1)  is the 

buoyancy ratio and Mn* = αkRaσB
2

ρgβq0L
2 , assuming that 

the surface heat flux vary according to the power-law
Q(x) = xλ . Also, for the similarity to be possible we 
choose the strength of the magnetic field in the form 

B = B0
x(1−n)(2λ+1)/(4n+2)

 as Gorla et al., 1993. However the 

defining the stream function ψ(x, y),  is introduced 
which satisfies the continuity equation (15) with 

u = ∂ψ
∂y
, v = −∂ψ

∂x
.  Proceeding with the analysis; we 

introduce the following similarity transformations: 
η = yx(λ−n)/(2n+1), ψ = x(λ+n+1)/(2n+1) f (η),
T = xn(2λ+1)/(2n+1)θ(η),         C = x

n(2λ+1)/(2n+1)γ (η)  
(20) 

Introducing expressions in Eq. (20) into Eqs. (16)-
(19), the transformed governing equations may be 
written as: 
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!f n−1
!f =θ +B1γ −Mn. !f   (21) 

!!θ +
λ + n+1
2n+1

f !θ −
n(2λ +1)
2n+1

!f θ = 0
 (22) 

!!γ
Le

+
λ + n+1
2n+1

f !γ = 0  (23) 

with the boundary conditions: 
f (0) = 0, !θ (0) = −1, γ (0) =1,
!f (∞) =θ(∞) = γ (∞) = 0  (24) 

where Mn = αkRaσB0
2

ρgβq0L
2  is the magnetic field 

parameter and Le = α
D

 is the Lewis number. It is 

noteworthy that, the governing non-dimensional 
parameter Mn  may be interpreted as the ratio 
between the electromagnetic forces and the gravity 
forces calculated with the Boussinesq approximation. 
Primes in the above equations denote differentiation 
with respect to η . For practical applications, it is 
usually the velocity components are of interest. These 
are given by: 
u = x(2λ−1)/(2n+1) "f (η)   (25) 

v = −x(λ−n−1)/(2n+1) λ − n−1
2n+1

η "f + λ + n
2n+1

f
#

$%
&

'(
...  (26) 

The expression of the excess surface temperature Ts  
is given by 
Ts = x

−n(2λ+1)/(2n+1)θ(0).  (27) 
The local mass flux is given by 

jw = −D
∂C
∂y y=0

 (28) 

Therefore, Sherwood number is defined by 

Sh = jw x
D(Cw −C∞ )

= −
Ra1/2

L
x(λ+n+1)/(2n+1) #γ (0).  (29) 

 
3. Results and Discussion 

The fourth-order Range-Kutta method with 
shooting technique is used to solve the system of 
ordinary differential equations in Eq. 21-23 along 
with the boundary conditions in Eq. 24. The step size 
Δη = 0.05  is used while obtaining the numerical 
solution with ηmax =12  and five decimal accuracy as 
the criterion for convergence. Numerical 
computations are carried out for Mn=0, 1, 2, 
0.5 ≤ ! ≤ 1.5 , -2.0 ≤ !! ≤ 2.0 , 0.1 ≤ !" ≤ 10 , 
0.01≤ λ ≤ 0.5. 

Numerical results of the excess surface 
temperature and the concentration gradient at the wall 

for varying values of Mn , n , B1 , Le  and λ  are 
presented in Tables 1-4. From Table (1) it is obvious 
that, an increase in the values of n  and Le  enhances 
the excess surface temperature, so, an increases of 
magnetic field parameter Mn  enhances it, for all 
values n and Le , but, it reduces the absolute values 
of concentration gradient at the wall. Also, it clear 
that, an increases in the value of n  reduces the 
absolute values of concentration gradient at the wall 
but, it is clear that, the absolute values of 
concentration gradient at the wall increase as the 
parameter Le  increases, for all cases of the power-
law index n . 

 
Table 1. Values of !(0) and −!(0) for selected values of 
Mn, n and Le with !! = 1.0 and λ = 0.3  

Mn=0.0 Mn=1.0 Mn=2.0 
! Le !(0) −!(0) !(0) −!(0) !(0) −!(0) 

0.8 0.1 
1.0 
10. 

0.82237
0.87773
1.02490 

0.30946
0.78271
2.95574 

1.15730
1.20410
1.34475 

0.28383
0.58062
2.13251 

1.37190
1.41206
1.54661 

0.27524
0.50298
1.80292 

1.0 0.1 
1.0 
10. 

0.84976
0.89766
1.02561 

0.30515
0.74269
2.71325 

1.13932
1.18227
1.31237 

0.28308
0.57168
3.06668 

1.34251
1.38006
1.50739 

0.27478
0.49755
1.76393 

1.2 0.1 
1.0 
10. 

0.86852
0.91053
1.02344 

0.30214
0.71562
2.55525 

1.12489
1.16485
1.28697 

0.28252
0.56510
2.01864 

1.31888
1.35455
1.47674 

0.27443
0.49353
1.73580 

1.5 0.1 
1.0 
10. 

0.88765
0.92285
1.01869 

0.29896
0.68809
2.39976 

1.10783
1.14444
1.25767 

0.28190
0.55796
2.96918 

1.29097
1.32456
1.44162 

0.27405
0.48916
1.70627 

 
 
Table 2. Values of !(0) and −!(0) for selected values of !!, Mn,  
and Le with ! = 0.5 and λ = 0.01  

Mn=0.0 Mn=1.0 Mn=2.0 
!! Le !(0) −!(0) !(0) −!(0) !(0) −!(0) 

-2.0 0.1 
1.0 
10. 

2.64513
2.59771
2.05396 

0.25755
0.33500
0.98791 

2.80251
2.75242
2.29998 

0.25636
0.32700
0.97000 

2.90550
2.86225
2.47312 

0.25563
0.31199
0.91910 

-0.5 0.1 
1.0 
10. 

1.61978
1.58476
1.45420 

0.27170
0.50700
2.07500 

1.95654
1.93588
1.82373 

0.26580
0.42600
1.59500 

2.15296
2.13241
2.04114 

0.26304
0.39280
1.38802 

0.0 0.1 
1.0 
10. 

1.31465
1.31465
1.31465 

0.28081
0.60301
2.54935 

1.71617
1.71617
1.71617 

0.27047
0.47377
1.79981 

1.94156
1.94156
1.94156 

0.26630
0.42541
1.53439 

0.5 0.1 
1.0 
10. 

1.04670
1.08647
1.96850 

0.29471
0.72411
3.05961 

1.50585
1.53495
1.62538 

0.27611
0.52457
1.99816 

1.75129
1.77507
1.85597 

0.27007
0.46029
1.67509 

2.0 0.1 
1.0 
10. 

0.54669
0.64536
0.92866 

0.38939
1.21226
4.74084 

1.05626
1.15007
1.41863 

0.29962
0.69069
2.55429 

1.31975
1.40235
1.65621 

0.28415
0.57189
2.06664 

 
 
Table 3. Values of !(0) and −!(0) for selected values of !! , Mn 
and Le for the Newtonain fluid (n=1)  and λ = 0.5  

Mn=0.0 Mn=1.0 Mn=2.0 
!! Le !(0) −!(0) !(0)! −!(0) !(0) −!(0) 

-1.0 0.1 
1.0 
10. 

1.65209
1.58976
1.34979 

0.26446
0.42457
1.58574 

1.86823
1.82124
1.61140 

0.26171
0.38412
1.35859 

2.02080
1.98267
1.79282 

0.26007
0.36206
1.22299 

0.0 0.1 
1.0 
10. 

1.11081
1.11081
1.11081 

0.20331
0.56939
2.22624 

1.39774
1.39774
1.39774 

0.19296
0.45562
1.75873 

1.57400
1.57400
1.57400 

0.26685
0.43013
1.52870 

1.0 0.1 
1.0 
10. 

0.79312
0.83883
0.96371 

0.30797
0.75997
2.77455 

1.06622
1.10819
1.23655 

0.28453
0.58304
2.11124 

1.25925
1.29651
1.38296 

0.27579
0.50640
1.80151 
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Table 4. Values of !(0) and −!(0) for selected values of !! , λ
and Mn with !" = 0.1  and ! = 0.8 

Mn=0.0 Mn=1.0 Mn=2.0 
!! λ  !(0) −!(0) !(0) −!(0) !(0) −!(0) 

2.0 0.01
0.3 
0.5 

0.70991
0.62288
0.57885 

0.34103
0.35133
0.35852 

1.06359
0.93557
0.87054 

0.29560
0.30028
0.30361 

1.29364
1.14183
1.06397 

0.28242
0.28553
0.28776 

1.0 0.01
0.3 
0.5 

0.92490
0.82237
0.76963 

0.30522
0.30947
0.31260 

1.29634
1.15730
1.08519 

0.28163
0.28383
0.28544 

1.53065
1.37190
1.28896 

0.27369
0.27524
0.27642 

0.5 0.01
0.3 
0.5 

1.08742
0.97931
0.92345 

0.29101
0.29288
0.29433 

1.45411
1.30933
1.23439 

0.19964
0.20113
0.20231 

1.68009
1.52230
1.43958 

0.26976
0.27074
0.27147 

0.0 0.01
0.3 
0.5 

1.29689
1.18951
1.13347 

0.27990
0.28018
0.28045 

0.81474
0.73614
0.69570 

0.19232
0.19267
0.19303 

1.85207
1.70048
1.62005 

0.26673
0.26673
0.26712 

-1.0 0.01
0.3 
0.5 

1.84715
1.75773
1.71185 

0.26560
0.26489
0.26457 

2.10248
1.98700
1.92741 

0.26223
0.26197
0.26187 

2.27280
2.14358
2.07619 

0.26031
0.26024
0.26015 

 

Fig. 1 and 2 illustrate the velocity fields, for 
different values of the parameters Mn , Le , B1  and 
λ . From Fig. 1, we observe that an increase in the 
magnetic field Mn  reduce the velocity maximum, 
while, an increases in Lewis number Le  enhances it. 
In Fig. 2, it is that, an increases in the buoyancy ratio 
B1  enhances the velocity maximum, while, an 
increases in the parameter λ  reduces it. 

 

 

 

Figures 3 and 4 show the temperature profiles for 
different values of the given parameters. We observe 
from Fig. 3 that, as Le  and Mn  increase the 
temperature profile increase. It is noteworthy that, the 
increases in the parameters B1  and λ  reduces the 
temperature profiles, as shown in Fig. 4.  
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Fig. 1: Variation velocity profiles for varying Mn and Le at n=0.8, B
1
=1.0 and λ=0.3            
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Fig. 2: Variation of velocity profiles for varying λ and B
1
 with n=8.8, Mn=1.0 and Le=0.1   
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Fig. 3: Variation of temperature profiles for varying Mn and Le with n=0.8, B
1
=1.0 and λ=0.3 
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Fig. 5 and 6 illustrate the concentration 
distributions for various values of the given 
parameters. In Fig. 5, we observe that, an increases in 
Mn  enhances the concentration, while, they decrease 
as Le  increases. From Fig. 6, it is clear that, as 
parameters B1  and λ  increase the concentration 
profiles decrease. 

 

 

 
 
 

List of Symbols 

B : applied magnetic field 
B0 : magnetic field intensity 

B1 : buoyancy ratio 

C : species concentration  
C : dimensionless concentration  
D : chemical molecular diffusivity 
d : pore diameter   
f : dimensionless stream function 
g : gravitational acceleration  

jw : local mass flux 
K : modified permeability of porous medium 
k : thermal conductivity    
L : length of the plate 
Le : Lewis number 
Mn : magnetic parameter 
n : fluid power-law index  
!: pressure of the fluid 
q : surface heat flux   
Ra : local Rayleigh number        
Sh : Sherwood  

T : temperature 
T : dimensional temperature 
Ts : excess surface temperature 

u,v : velocity components 
u,v : dimensionless velocity components          

x, y : space coordinates 

0

0.5

1.0

1.5

2.0

0 4 8 12

λ=0.5
λ=0.01

B
1
=2.0

B
1
=0.0

B
1
=0.5

η

θ
Fig. 4: Variation of temperature profiles for varying of λ and B

1
 with n=0.8, Mn=1.0 and Le=0.1

0

0.2

0.4

0.6

0.8

1.0

0 1 2 3 4

Mn=2.0
Mn=1.0
Mn=0.0

Le=10.0

Le=1.0

Le=0.1

η

γ

Fig. 5: Variation of concentration profiles for varying Mn and Le with n=0.8, B
1
=1.0 and λ=0.3 

0

0.2

0.4

0.6

0.8

1.0

0 4 8 12

λ=0.5
λ=0.01

B
1
=0.5

B
1
=2.0

B
1
=0.0

η

γ

Fig. 6: Variation of concentration profiles for varying λ and B
1
 with n=0.8, Mn=1.0 and Le=0.1



7 El-Hakiem / Journal of Engineering and Applied Sciences 1 (2) 1–8 

 

x, y : dimensionless space coordinates  
α : molecular thermal diffusivity 
β : coefficient of thermal expansion 

β * : volumetric coefficient of expansion 
γ : concentration function in similarity transformation  
σ : electrical conductivity 
ε : porosity pole 
η : dimensionless similarity variable  
λ : exponent associated with the surface heat flux 
θ : temperature function in similarity transformation              
µ : dynamic viscosity 
ρ : density of the fluid 
ψ : stream function  
Superscripts 
'         differentiation with respect to η  
Subscripts 
w : surface conditions at the wall 
∞ : conditions far away from the wall 
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Abstract 

Improving the strength to weight ratio is a target aimed by many researchers. Metal Matrix Nano Composites (MMNC) have 
recently emerged as a new generation of composites, where the addition of nano-sized particles leads to an increase in the 
strength not according to conventional Metal Matrix Composites rules. Aluminium matrix composites reinforced with nano-sized 
Al2O3 particles are widely used for high performance applications such as automotive, aerospace and electricity industries. In this 
work a number of cast specimens made from hypoeutectic aluminium silicon alloy (A356) were cast with and without alumina 
(Al2O3) nanoparticles at different pouring temperatures with stirring during the addition of nano-reinforcement. The 
microstructure of the new castings was studied using optical microscopy and scanning electron microscopic techniques. Also, the 
tensile strength, hardness and ductility were evaluated. The significant factors for the tensile strength were analysed using L4 
orthogonal array and Analysis of Variance (ANOVA) techniques then building a model by Response Surface Methodology 
(RSM). The results obtained in this work show that adding alumina nanoparticles and pouring at different temperatures lead to an 
increase in the tensile strength and the hardness with less change in ductility. 

Keywords: Nano-dispersion; MMNC; hypoeutectic; alumina; ANOVA; L4; RSM  
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1. Introduction 

Saving energy for moving mechanical engineering 
applications has become on top of the agenda for 
many researchers seeking through the following two 
approaches: 

1.   Using new sources of renewable energy. 
2.   Optimizing the design parameters by choosing 

materials with high strength to weight ratio. 

Within the latter concept, metal matrix nano-
composites (MMNC) are tailored, depending on the 
application, to optimize the relation between the 
strength and weight. Many properties can be 
modified such as increased yield strength, tensile 
strength, young’s modulus, fatigue strength, ductility, 

creep resistance and improved thermal shock and 
corrosion resistance (Mazahery and Shabani, 2012). 
Casting is a prominent manufacturing method 
suitable for a great range of applications. The 
methods of casting fabrication of MMNC are 
classified according to the state of the material into 
liquid, liquid-solid (semisolid) and solid phases (El-
mahallawi et al. 2012). Incorporating ceramic 
particles in the molten metal is the major challenge, 
mainly in terms of dispersing the particles uniformly 
in the matrix, while maintaining a strong bond 
between the ceramic particles and the matrix 
(Chatterjee and Mallick 2013).  Semi-solid metal 
(SSM) casting produces final products with more 
homogeneous microstructures, less porosity and 
segregation that lead to large improvements in the 
mechanical properties. SSM also involves breaking 
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the dendrites by electromagnetic forces or stirring 
during solidification (Yurko et al, 2003). J. Hashim et 
al, 2001, has concluded that some chemical and 
mechanical factors affect the wettability of ceramic 
particles by the molten metal and accordingly, some 
methods were suggested to enhance the wettability, 
such as employing mechanical force by stirring to 
overcome surface tension and improve wettability. 
EL-Mahallawi et al., 2010, studied the addition of 
different percentages of weight of Al2O3 (1%, 2% and 
4%) to the base alloy (A356) in the semi-solid state 
with mechanical stirring of the sludge on the 
mechanical properties of the composite, and have 
found that the ultimate tensile strength (UTS) 
increased for the nano-dispersed alloys compared to 
the monolithic alloys. It was also shown in their work 
that the max UTS and elongation percent were 
obtained at 2% Al2O3. Sajjadi et al., 2012, Conducted 
their experiments, similarly, on A356 using Al2O3 
with size 20µm at weight percentages (1, 3, 5, and7.5 
wt. %) and 50nm at weight percentages (1, 2, 3, and 
4%), pouring in both the fully molten and semi-solid 
states, rather, at 700 � (liquid state) and at 610� 
(semi-solid state) with stirring. They found that yield 
strength and UTS were increased while the fracture 
strain decreased with increasing the nano-particle 
content. The state of molten metal had an effective 
role on the mechanical properties where compo-
casting gave higher mechanical properties, which had 
been attributed to the enhanced wettability of the 
particles in compo-casting.  

      The aim of this search is correlate the 
manufacturing factors of the metal matrix composite 
affecting the mechanical properties; namely: the 
percentage of the nanoparticles in the cast sample (0 
%, 2 wt. %), and the pouring temperature (630� for 
the semi-solid state and 700� for the liquid state) by 
using ANOVA method on the UTS. The 
experimental results will be used to find the level of 
significant for each factor and Response Surface 
Methodology (RSM) to build a model able to predict 
the UTS in this range. Material and experimental 
procedure  

2. Material and setup components 

 Primary material blocks of hypoeutectic 
aluminum silicon alloy A356 (fabricated in Helwan 
Company for nonferrous industries) were used as the 
main source for the matrix in this work with 6% Si, 
0.255 Mg and 0.421 Fe. Alumina (Al2O3) nano-
particles (NaBond technologies co. Limited) with 
average size 80 nm were used for reinforcement. The 
samples were fabricated by melting the alloy in an 

electric resistance furnace with setup constructed for 
preparing the nano-dispersed alloys. The furnace 
consists of a heating system equipped with a control 
unit with two thermo couples for controlling the 
temperature in and out the crucible up to 1200℃. The 
furnace also includes a stirring mechanism made of a 
motor of 3000 rpm attached to a stainless stainless 
steel stirrer. A metallic mold made of cast iron with 
ten cylindrical mold cavities of diameter 20 mm and 
150 mm in height were used for casting the test 
specimens.  

2.1 Manufacturing  

A charge of 1kg of A356 alloy was introduced to 
the crucible, which was then placed in the electric 
resistance furnace. The charge was heated up to a 
temperature slightly above 700�  till it became 
completely liquid then the electric furnace was 
stopped. The melt was degassed with 
hexacholorethane degasser tablets to dismiss the 
gases then the molten metal was left to cool to the 
specific temperatures (as shown in Table 1) at which 
the nanoparticles were added then the metal was 
stirred with stirrer at 1500 rpm for 2 min then the 
sludge was poured. The addition temperature, 
nanoparticles percent and pouring state are shown in 
the Table 1.  

Table 1. The cast A356/Al2O3 nanocomposite sample conditions. 

Sample designation Addition 
temperature℃ 

Pouring state !"!!! % 

A356/SSS 630 Semi-solid (SSS) 0 

A356/LS 700 Liquid-state (LS) 0 

MMNC/SSS 630 Semi-solid (SSS) 2 

MMNC/LS 700 Liquid-state (LS) 2 

!
2.2 Testing and characterization 

The tensile strength was examined by using a 
tensile testing machine according to DIN 50125 (fig.  
1). Both ultimate tensile strength and elongation 
percent were calculated. Three samples for each 
condition were examined and the average was 
considered to be the average ultimate tensile strength 
and elongation percent, respectively. The hardness 
was examined by using Rockwell hardness testing 
machine using 2.5 diameter ball and 62.5 kg. The 
average of 10 readings was considered as the average 
value of the hardness. The microstructure was 
investigated by optical microscope OLYMPUS DP12 
after polishing the samples with 100, 400, 600, 1000, 
1500, and 2500 grit paper, and etching by immersion 
in liquid with 95% of water and 5% Hydrofluoric 
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acid. Scanning electron microscopy (SEM) was used 
to investigate the cast sample MMNC/LS containing 
2% Al2O3 and poured at the liquid state. 

 

Fig 1 the standard dimensions for tension test samples. 

3. Results and discussion. 

3.1 Mechanical properties 

Fig. 2 shows the ultimate tensile strength, the 
hardness and the elongation percent for the tested 
alloys. From this figure, it is found that the increase 
in the tensile strength in the case of MMNC poured at 
semi-solid state is 10% and 22% for the MMNC 
poured at the liquid state compared to the monolithic 
A356 alloy poured from the liquid state. The 
elongation percent for the MMNC poured from the 
liquid state is 65% higher than the monolithic 
samples. As for the case of MMNC poured from the 
semi-solid state, the ductility is nearly constant 
possibly due to agglomeration of the nanoparticles. 
Fig 2(c) shows that the hardness is constant for all the 
cast samples.  This increase in UTS and ductility is a 
result of dispersion strengthening and grain 
refinement, where the particles and the matrix have 
the same crystalline phase (FCC) and the interfacial 
energy is lower so, the matrix/particle interface has 
high dense-packed structure and able to prevent any 
cracks and the dispersion of the nanoparticles 
effectively hinders the dislocation motion (Koch, 
2006). 

 

Fig. 2. The mechanical properties of the cast A356/Al2O3 
nanocomposite: (a) the tensile strength,   (b) the elongation 
percent, and (c) the hardness in HRB  

3.2 Microstructure  

Fig. 3 shows the microstructure for A356/SSS, 
A356/LS, MMNC/SSS and MMNC/LS. The 
microstructures show that the α-grains change their 
morphology in the case of the semi-solid state to a 
globular shape compared to the dendritic shape in 
case of the liquid state (Dey et al., 2006). 
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Fig. 3. Micrograph showing the microstructure of  (a) A356/SSS, 
(b) A356/LS, (c) MMNC/SSS   and (d) MMNC/LS. 

Where, the fragmentation of the dendrites to 
globular is occurred either by bending of the dendrite 
arms then the liquid enters into their high-angle grain 
boundaries or by melting the root of the dendrite 
arms due to solute enrichment (Reisi and Niroumand, 
2012). The globular crystal structure improves the 
fluidity, eliminates the defects such as solidification 
segregation, shrinkage, porosity and improves the 

mechanical properties (Xin et al., 2010) .The porosity 
(appearing in the microstructure) in case of 
MMNC/SSS is possibly the reason for the reduced 
ductility compared to previous studies. Fig. 4(a) 
shows the SEM micrograph for MMNC/LS. The 
figure shows incorporation of agglomerations of 
nanoparticles of Al2O3 in the matrix of the alloy.  Fig. 
4(b) shows the EDX quantitative analysis of the 
particulate-agglomerates in MMNC/LS confirming 
the presence of oxide particles of Al2O3 in the alloy. 

 

Fig. 4. SEM micrograph and EDX quantitative analysis of 
aluminum silicon alloyA356 reinforced by nano- sized Al2O3 
particles: (a) The SEM micrograph for MMNC/LS, and (b) The 
EDX   quantitative analysis for MMNC/LS. 

4. The statistical analysis for the tensile strength. 

4.1 Application of ANOVA techniques 

The L4 orthogonal array was used to apply the 
ANOVA technique of the response of tensile 
strength.  Table 2 shows the L4 for two factors (nano 
percent and the temperature of addition the 
nanoparticles, each one has two levels) and the 
tensile strength. Table 3 shows the ANOVA data 
components as the variables, statistical summation 
(SS), the degree of freedom (DOF), and variance and 
the calculated Fisher factor for each factor (F cal.). 

 

!  
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Table 2. L4 orthogonal array. 

No. Nano %(A) Addition temp. ℃(B) UTS(Mpa) 
1 0 700 141 
2 0 630 116 
3 2 700 172 
4 2 630 154 

 

Table 3. The ANOVA table. 

Variables SS DOF variance Fcal 
Nano% 1190 1 1190 97.16 

Add. Temp 462 1 462 38.5 
Error 12 1 12  
Total 1664 3   

Where the tabulated fisher value (!!.!",!,!) at 90% 
is 39.9 and (!!.!"!,!,!) at 95% is 161. Nano-particles 
reinforcement percent is significant at 90% level and 
temperature is nearly significant at 90%. 

4.2 Modelling by RSM.$

The model of tensile strength is built by using 
Response Surface Methodology (RSM). The model 
relates nanoparticles percent and stirring temperature. 

!"#
= 29.75 + 11.7 ∗ !"!#% + 0.164

∗ !"". !"#$!.!! 

(1) 
 

 

Table 4 shows the predicted, measured values of 
tensile strength, error and error percent. The model 
quality is equal to 94.5 %. 

Table 4. Predicted, measured values of tensile strength, error and 
error percent. 

No. !"!!!
% 

Add. 
temp℃ 

measured predicted error Error
% 

1 0 700 141 137 3.7 2.67 
2 0 630 116 126.6 9.6 8.22 
3 2 700 172 160.6 11.3 6.5 
4 2 630 154 150 3.9 2.5 

Fig. 5(a) shows a graphical relation of both stirring 
temperature and nanoparticles percent to ultimate 
tensile strength which is obtained by equation (1). 
Fig. 5(b) shows the comparison between the 
predicted and measured values of UTS.  

4.3 The model verification  

The model developed through this work was verified 
by testing the experimental work conducted through 
other investigations on similar alloy and semi-solid 
casting conditions (El-mahallawi et al., 2012), 
(Sajjadi, Ezatpour, and Parizi, 2012). The first sample 

(1% nano-reinforcement, 630 ℃  nano-particles 
addition) had measured UTS 143MPa and 145MPa 
model value with 1.4 % error percent. The second 
sample (2% nano-reinforcement, 630 ℃  nano-
particles addition) had measured UTS 160 MPa and 
156 MPa model value with 2.18 % error percent. The 
results show good agreement with the model, as the 
difference between the model results and the 
experimental reported results where error percent of 
only 2.2% maximum 

 

Fig. 5. (a) The relation between temperatures, nanoparticles 
percent with the tensile strength and   (b) Comparison between the 
measured and predicted values.  

5. Conclusion 

The main results obtained from this work aiming 
to study the effect of addition nanoparticles of 
alumina Al2O3 powder to molten A356 alloy at 
different temperatures on the microstructure and the 
tensile strength at fixed stirring conditions are: 

1- The UTS increases after adding 
nanoparticles of Al2O3 to A356 alloy. 

2- Stirring and pouring at the semi-solid state 
changes the microstructure from dendritic 
shaped to granular shaped microstructure. 

3- The ANOVA technique shows that the 
temperature and nanoparticles percent are 
significant parameters at a level of 90% for a 
model built with RSM method of  95% 
quality.  

4- The model must be used in the same range 
of the parameters used to build it. 
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Abstract 

Makishima and Mackenzie model was used to determine both ultrasonic wave velocities (Longitudinal and Shear) theoretically 
for many tellurite glasses. The model is mainly depends on the values of the experimentally measured density. Then, the 
problems of determining the measured densities of amorphous glasses (as the density depends on the geometry of the network 
structure of these glasses) and the slope of linear regression between the experimentally determined bulk modulus and the 
product of packing density and experimental Young's modulus, were solved in this search work. The results showed good 
agreement between the experimentally measured values of densities and both ultrasonic wave velocities, and those theoretically 
determined. 
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1. Introduction 

TeO2 – based glasses have recently become of 
great interest for use in optical communication 
systems, Kosuge et al., 1998. Tellurite glasses are 
well known to have the highest refractive indices 
among oxide glasses in the visible and near IR 
region, Afifi and Marzouk, 2003. The systems TeO2 
– WO3 – K2O, TeO2 – WO3 – Bi2O3 and TeO2 – WO3 
– PbO are the most promising in this respect because 
they contain oxides of the heaviest metals, such as 
tungsten, lead and bismuth, Kosuge et al., 1998, 
Safonov et al., 1992 and Safonov and Semonova, 
1989. Previous studies by Gaman et al., 1972 and 
Rhee et al., 1974 on vanadium tellurite glasses 
showed that they are semiconducting glasses and they 
switch when a high electrical field is applied. 

Also, Pure B2O3 glass has a random three-
dimensional network of BO3 triangles with a large 
fraction of almost planar B3O6 boroxol rings. It is 
known that borate glasses show the anomalous 
composition dependences of physical properties, such 
as density, Kodama et al., 1994, sound 
velocity, Matsuda et al., 2009 and Kawashima et al. 
2009 and thermal expansion Kathrine K. Smyth and 
Matthew B. Magida, 1983, by the addition of alkali 
oxide to pure B2O3 glass. 

Longitudinal and shear ultrasonic wave velocities 
were measured by Gaafar et al., 2009 in binary Li2O-
2B2O3 glasses doped with different transition metal 
oxides (TMOs) (where TMO = V2O5, Fe2O3, Cr2O3, 
NiO, TiO2, MnO2 and CuO) using pulse echo 
technique. Measurements were carried out at 4 MHz 
frequency and at room temperature. Elastic moduli 
and some other physical parameters such as acoustic 
impedance, Debye temperature, thermal expansion 
coefficient, and latent heat of melting were 
calculated. Results indicated that these parameters 
depend upon the TMO modifier i.e., the ionic radius 
of the transition metal cation. Quantitative analysis 
has been carried out, in order to obtain more 
information about the structure of these glasses, 
based on bond compression model, and the 
Makishima and Mackenzie model, i.e., the cation-
anion bond of each TMO. 

The ternary xV2O5–(40− x)Li2O–60B2O3 glass 
system, where x = 1, 2, 3, 4 and 6 mol%, was 
prepared by Sidkey et al., 2008 using normal 
quenching. The composition dependence of these 
parameters, in addition to the glass-transition 
temperature, suggested that vanadium ions were 
incorporated into these glasses as a network modifier, 
resulting in the reconversion of BO4 tetrahedra to 
BO3 triangles by the breaking of B–O–B linkages and 
the formation of nonbridging oxygens (NBOs). The 
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results were explained quantitatively in terms of 
fractal bond connectivity, average atomic volume, 
network dimensionality, packing density, number of 
network bonds per unit volume, cross-link density 
and atomic ring size. The Makishima and Mackenzie 
model appeared to be valid for the studied glasses 
when the fate of BO4 tetrahedra and creation of 
NBOs are taken into account. 

M. S. Gaafar et al., 2011 have introduced the 
Artificial Neural Network (ANN) technique to 
simulate and predict important parameters such as 
density, longitudinal and shear ultrasonic velocities 
and elastic moduli (Longitudinal and shear moduli) 
for more than 30 glass compositions. The authors 
showed that the ANN results were found to be in 
successful good agreement with those experimentally 
measured parameters. Then the authors have used the 
ANN model to predict the acoustic properties of 
some new tellurite glasses. For this purpose, four 
glass systems x Nb2O5 - (1-x) TeO2, 0.1 PbO - x 
Nb2O5 - (0.9-x) TeO2, 0.2 PbO - x Nb2O5 - (0.8-x) 
TeO2 and 0.05 Bi2O3 - x Nb2O5 - (0.95-x) TeO2 were 
prepared by the authors using melt quenching 
technique. The results of ultrasonic velocities and 
elastic moduli showed that the addition of Nb2O5 as a 
network modifier provides oxygen ions to change 
[TeO4] tbps into [TeO3] bps.  

In the present search work, many different tellurite 
and borate glass compositions were used to solve the 
problems of Makishima and Mackenzie model (as it 
depends on the experimentally measured density 
values) to make theoretical determination of the 
densities of these glasses and consequently obtain 
both the ultrasonic (Longitudinal and Shear) wave 
velocities theoretically. 

2. Theoretical Considerations 

Makishima and Mackenzie, 1973 and 1975 
proposed a theoretical model for the direct 
calculation of Young’s modulus of oxide glasses in 
terms of their chemical compositions taking into 
consideration the two parameters; dissociation energy 
of the oxide constituents per unit volume (Gi) and 
packing density of glasses (Vt). In a simple one 
component glass such as fused silica, Young’s 
modulus was given as: 
E(M−M ) = 2VtG  (1) 

For poly-component glasses, Young’s modulus 
was given as, 

E(M−M ) = 2Vt Gixi
i
∑  (2) 

where !(!!!)  is Young’s modulus, !!  is the 
molecular fraction of component !  in the glass 
system. 

The packing density !!, is defined as: 

Vt =
ρm
M

!

"
#

$

%
& Vixi

i
∑  (3) 

where M is the effective molecular weight, ρm is the 
density of the poly-components glass system and Vi 
is the packing factor of the oxide and can be 
determined from the equation for an oxide AxOy 
having ions A and O with Pauling ionic radii given 
as: 

Vi = 6.023×10
23 4π

3
"

#
$

%

&
' xRA

3 + yRO
3() *+  (4) 

where !! and !! are the respective ionic radii of the 
cation and anion. 

Makishima and Mackenzie, 1973 and 1975 
studied the agreement between the experimental 
values of Young’s modulus (EM-M), of many oxide 
glasses and those calculated from their theoretical 
model. The agreement was good for the majority of 
glasses, especially for silica glass, proving that Eq. 
(1) is satisfactory for estimating elastic modulus of a 
simple one component glass system. A problem 
appeared for poly-component glasses with Young’s 
modulus values greater than 90 GPa where the 
theoretically calculated values were found to be less 
than the measured values. Furthermore, Makishima - 
Mackenzie model also requires the measured density 
of glass for which the glass-melting needs to be done 
before estimating their elastic moduli. Therefore, 
Makishima and Mackenzie refined their model in 
order to estimate Young’s modulus values directly 
from the designed compositions without melting. 

Makishima and Mackenzie, 1975 extended their 
theoretical study and combined Gruneisen’s equation 
with Young’s modulus equation of glass to derive 
new formula for the theoretical calculation of bulk 
modulus, shear modulus, and Poisson’s ratio of glass. 
According to Gruneisen first rule, the bulk modulus, 
K, is given as: 
KVo =

1
9
mnUo

 (5) 
where !! is the equilibrium volume found where the 
net force vanishes, m and n are constants, and !! is 
the equilibrium energy for volume !! . Then, they 
obtained the following equation: 
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K(M−M ) =
m m− n
24π

"

#
$

%

&
'βVtE(M−M )

 (6) 

Makishima and Mackenzie pointed out that it was 
very difficult to calculate !  and !  which are 
important factors. They therefore, examined the 
correlation between bulk modulus and the product of 
packing density and Young’s modulus and found 
good linearity between the experimentally obtained 
bulk modulus (using ultrasonic technique) and the 
product of the packing density multiplied by the 
experimentally obtained Young’s modulus of many 
glasses. Therefore, the slope !  of the linear 
regression was determined, and the bulk modulus of 
the glass was expressed as: 
K(M−M ) = βVtE(M−M )  (7) 

Therefore, Young’s modulus EM-M, shear modulus 
!(!!!), and Poisson’s ratio !!!!, are given as: 
E(M−M ) = 2VtG  (8) 

SM−M =
3E(M−M )K(M−M )

9K(M−M ) −E(M−M )

 (9) 

σM−M =
E(M−M )

2S(M−M )

−1  (10) 

Now there are two problems, which are (ρm) is the 
experimentally obtained density of the poly-
components glass system and the slope of the linear 
regression !. 

Concerning the (ρm), Zou and Toratani, 2001 
derived modified equations on the basis of 
Makishima - Mackenzie model for direct 
determination of the elastic modulus of glasses from 
their compositions. According to the traditional 
crystalline model of glass structure, the authors 
assumed that a polycomponent glass is a mixture of 
microcrystals with the same local structure of 
corresponding oxide (AxOy) component i, so the 
Young's modulus coefficient Ei, of the component i 
can be given as: 

Ei = 2ViGi  (11) 

where Vi is the packing density factor of component i 
which is equivalent to (Vt) only when the glass is 
simple one component system. If the A – O bond 
energy of oxide AxOy is similar, in the crystal or in 
the glass, the packing factor (Vi) can be evaluated 
from the basic properties of oxide AxOy as: 

Vi =
ρi
Mi

!

"
#

$

%
&6.023×1023

4π
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%
& xRA

3 + yRO
3() *+

 (12) 

Based on the foundational definition of specific 
modulus Messier and Patel, 1995, the specific 
modulus coefficient (Si), of component i in a glass 
can be expressed as: 
Si =

Ei

ρi
= 2Gi

Vi
ρi

 (13) 

Substituting Eq. (12) for (13), the modulus 
coefficient, Si, can be rewritten as: 
Si = 2

Gi

Mi

!
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 (14) 

Then the specific modulus of a poly-component 
glass can be expressed, based on the modified 
additive rule, as follows: 
S = γ Sixi

i
∑  (15) 

where (γ) is the modified coefficient introduced by 
the authors. Eq. (12) was established under 
assumption that oxide AxOy has the same co-
ordination number regardless of the oxide being in 
the crystal or in the glass. However, Eq. (14) was 
established under assumption that oxide AxOy has the 
same co-ordination number regardless of the oxide 
being in the crystal or in the glass. However, the local 
structure of each oxide component in glass is, in 
general, somewhat different to that in its crystal state. 
Experiments carried out by the authors showed that 
the difference in results is mainly due to variation of 
the packing density of oxide component in glass. If 
the local structure of oxides does not change when 
added them into glass, the density of the glass based 
on the additive rule (ρi) can be simply evaluated by 
integrating the densities of the oxide components 
weighted by their molecular fractions. However, the 
measured densities are, in fact, different to the 
calculated values due to the variation of their co-
ordination structures. Such a difference between the 
measured and calculated densities of glass just 
reflects the variation of local structures of oxide 
components in the glass. The modified coefficient (γ) 
is therefore defined as: 

γ =
ρixi

i
∑
ρm

 (16) 

where ρm is the measured density of the glass. 
Therefore, the problem of (ρm) is the density of the 
poly-components glass system can be solved by 
linear regression between (ρm) is the density of the 
poly-components glass system and the density of the 
glass composition based on the additive rule (ρi) of 
different glass compositions and the slope of 
regression will be equals to the coefficient (γ). 
Therefore the density can be obtained theoretically 
using equation (34) which takes the form: 
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ρcal = γ ρixi
i
∑  (17) 

where (ρcal) is the calculated density of amorphous 
glass composition. Moreover, the problem of the 
slope (β) of the linear regression between the 
experimental bulk modulus Ke and the product of Vt 
and experimental Young's modulus (Ee) was solved. 

Then, the ultrasonic velocities (Ul, the longitudinal 
velocity and Us, the shear velocity) can be computed 
using the following equations; 

! = !!!!! 

! = !!!!! 

  E = 2 1 + σ S  (18) 

! = ! − !
! !  

 
3. Analysis and discussions 

Fig. 1 shows the relations between the measured 
densities (ρm) for many different tellurite glasses, 
which were taken from references Sidkey et al., 2008, 
Sidkey and Gaafar, 2004, El-Mallawany, 1990, Paul 
et al., 2000, Lambson et al., 1985, El-Mallawany and 
Saunders, 1988, El-Mallawany and Saunders, 1987, 
Hart, 1983, Rajendran, 2003, Saddeek, 2007, Abd El-
Aal and Afifi, 2009, Gaafar et al., 2009, Gaafar, et 
al., 2009, Gaafar et al., 2009, Singh et al., 1989, 
Hager, 2002, Saddeek, 2009, and the calculated 
densities of the glass compositions based on the 
additive rule (ρi). The slope of the relation which is 
the modified coefficient (γTellurite) for tellurite glasses. 
The modified coefficient value as found to be 0.948 
for tellurite. Then Eq. 17 will take the following 
forms: 
ρcal = 0.948 ρixi

i
∑  (19) 

for tellurite glasses with correlation factor 99.8 %. 
Results of the measured densities and calculated 
densities are listed in Table 1(a) and 1(b) for tellurite 
glasses. 

Fig. 2 shows the relations between the 
experimentally determined bulk moduli (Ke) and the 
product of packing density and Young's modulus 
(Vt.EM-M) for tellurite glass compositions. The slope 
(βTellurite) was found to be as 1.319 for tellurite 
glasses. Then Eq. 7 will take the following forms: 

Kcal =1.319.VtE(M−M )  (20) 
for tellurite glasses with correlation factor 99.1 %. 
 

 

 

 

 

 

 

 

 

Fig. 1. The relation between the measured densities and the 
calculated densities of the glass compositions based on the additive 
rule (ρi) for tellurite glasses.  
 

 

 

 

 

 

 

 
Fig. 2. The relation between the measured bulk moduli and the 
product of the packing density and calculated Young's modulus for 
tellurite glasses.
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Table 1: (a) Glass Composition (mol. %) 

Glass compositions (mol. %) 
TeO2 WO3 K2O CeO2 CuO B2O3 Li2O Bi2O3 V2O5 La2O3 Nb2O5 PbO Sm2O3 BaO 
0.8 0.2 0            
0.8 0.15 0.05            
0.8 0.1 0.1            
0.8 0.05 0.15            
0.8 0 0.2            
0.9   0.1           

0.84    0.16          
0.821    0.179          
0.81    0.19          

0.797    0.203          
0.1     0.6 0.3        
0.2     0.5 0.3        
0.3     0.4 0.3        

0.35     0.35 0.3        
0.5       0 0.5      
0.5       0.05 0.45      
0.5       0.1 0.4      
0.5       0.15 0.35      
0.5       0.2 0.3      
0.5       0.25 0.25      

0.65    0    0.35      
0.65    0.075    0.275      
0.65    0.1    0.25      
0.65    0.125    0.225      
0.65    0.15    0.2      
0.65    0.175    0.175      
0.9         0.1     

0.669          0.124 0.207   
0.75         0.04  0.21   
0.9            0.1  
1              

0.85 0.15             
0.8 0.2             

0.79 0.21             
0.67 0.33             
0.77 0.14            0.09 
0.74 0.21  0.05           
0.77 0.2        0.03     
0.5 0.3          0.2   

0.75 0.2           0.05  
0.95          0.05    
0.9          0.1    

0.85          0.15    
0.8          0.2    
0.9           0.1   
0.7          0.2 0.1   
0.7          0.1 0.2   
0.6          0.2 0.2   

0.75       0.05   0.2    
0.7       0.05   0.25    
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Table 1: (b) Measured density (ρ 
(M)), theoretical density (ρ (cal)), 
measured longitudinal velocity (Ul 
(M)), theoretical longitudinal velocity 
(Ul (cal)), measured shear velocity 
(Us (M)), theoretical shear velocity 
(Us (cal)), experimental bulk modulus 
(Ke (M)), theoretical bulk modulus 
(K (cal)) and Vt.E, the product of 
packing density and theoretical 
Young's modulus for tellurite glasses. 

 

TeO2 ρ (M) ρ (cal) Ul (M) Ul (cal) Us (M) Us (cal) Ke  (M) Kth (cal) Vt.E(M-M) 
0.8                   
0.8 5.766 5.664 3366 3381 1951 1932 36.1 36.6 29 
0.8 5.453 5.432 3288 3310 1888 1897 33 33.4 25.3 
0.8 5.091 5.199 3190 3229 1805 1857 29.7 30.3 21 
0.8 4.766 4.967 3130 3139 1734 1811 27.6 27.2 17.8 
0.9 4.5 4.735 3058 3035 1681 1757 25.1 24.1 15.6 

0.84 5.706 5.561 3429 3351 2102 1939 33.5 34.6 26.2 
0.821 5.622 5.471 3390 3375 1981 1949 35.2 34.6 26.2 
0.81 5.707 5.482 3476 3383 1887 1952 41.9 34.9 26.5 

0.797 5.785 5.489 3477 3388 2034 1954 38 35.1 26.6 
0.1 5.608 5.497 3684 3394 2232 1957 38.9 35.3 26.7 
0.2 2.58 2.509 5869 6242 3381 3369 49.5 59.8 45.3 
0.3 2.919 2.813 5556 5580 3089 3065 53 52.3 39.7 

0.35 3.177 3.117 5090 5021 2875 2806 47.3 45.9 34.8 
0.5 3.404 3.269 4714 4772 2752 2689 41.3 42.9 32.6 
0.5 3.996 4.274 3655 3617 2096 1936 30 34.6 26.2 
0.5 4.376 4.537 3591 3569 2056 1937 31.8 35.1 26.6 
0.5 4.797 4.8 3507 3520 1995 1935 33.5 35.5 26.9 
0.5 5.188 5.063 3416 3470 1937 1932 34.6 35.8 27.1 
0.5 5.624 5.326 3330 3421 1882 1926 35.8 36 27.3 

0.65 6.031 5.589 3250 3371 1833 1920 36.7 36.1 27.3 
0.65 3.996 4.604 3992 3763 2362 2042 34 39.6 30 
0.65 4.376 4.815 3694 3587 2159 1953 32.5 37.5 28.4 
0.65 4.797 4.885 3364 3524 1950 1922 30 36.6 27.8 
0.65 5.188 4.955 3210 3459 1859 1891 29.6 35.7 27 
0.65 5.624 5.025 3066 3392 1769 1859 29.4 34.6 26.3 
0.9 6.031 5.095 2939 3322 1682 1827 29.4 33.5 25.4 

0.669 5.685 5.452 3415 3351 2093 1945 33.1 33.7 25.6 
0.75 5.888 5.705 3294 3287 1906 1884 35.3 34.6 26.3 
0.9 6.145 6.138 3038 2994 1711 1730 32.7 30.5 23.2 
1 5.782 5.557 3447 3386 2149 1975 33.1 34.8 26.4 

0.85 5.101 5.374 3404 3438 2010 1999 33.1 34.9 26.5 
0.8 5.25 5.591 3532 3398 2031 1950 36.6 36.2 27.5 

0.79 5.766 5.664 3366 3429 1951 1959 36.1 37.6 28.5 
0.67 5.39 5.678 3561 3435 2080 1961 37 37.9 28.7 
0.77 5.7 5.852 3555 3509 2098 1983 38.6 41.4 31.4 
0.74 5.669 5.58 3378 3360 1952 1930 35.9 35.3 26.8 
0.77 5.781 5.772 3408 3416 2011 1939 36 38.4 29.1 
0.5 6.027 5.687 3480 3445 2035 1967 39.7 38.2 28.9 

0.75 6.68 6.506 3169 3182 1786 1793 38.7 38 28.8 
0.95 6.11 5.755 3515 3470 2067 1986 40.7 39 29.6 
0.9 5.475 5.323 3352 3439 1876 1981 35.8 35.1 26.6 

0.85 5.414 5.272 3464 3568 1911 2039 38.6 37.9 28.7 
0.8 5.302 5.222 3677 3692 1949 2096 44.8 40.6 30.8 
0.9 5.242 5.171 3922 3812 2087 2150 50.2 43.3 32.8 
0.7 5.845 5.722 3091 3259 1746 1890 32.1 33.5 25.4 
0.7 5.529 5.52 3767 3789 2079 2124 46.6 46 34.9 
0.6 6.025 5.97 3151 3249 1784 1842 34.3 36 27.3 

0.75 5.904 5.868 3692 3503 2177 1954 43.2 42.1 32 
0.7 5.33 5.324 3633 3680 1879 2092 45.3 41 31.1 

0.85 5.13 5.273 3990 3803 2175 2149 49.3 43.8 33.2 
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The results of the experimentally determined bulk 
moduli (Ke), theoretically obtained bulk moduli (Kcal) 
and the product of packing density and Young's 
moduli (Vt.EM-M) for the glass compositions under 
investigation were listed in Table 1(a) and 1(b). 

Then both the ultrasonic wave velocities (Ul & Us) 
were obtained theoretically using equations (18) and 
compared with those experimentally determined as 
shown in Fig. 3 and 4 and Table 1(a) and 1(b). The 
results showed good agreement between those 
obtained experimentally and theoretically obtained, 
and the deviations were found to be about 3% on 
average. Finally, those results can led one to 
conclude that this method is good for theoretical 
prediction or simulation of both ultrasonic wave 
velocities for any tellurite glasses using the data of 
packing densities and dissociation energies of the 
constituent oxides. 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3. The relation between the experimentally determined 
longitudinal ultrasonic wave velocities and the theoretically 
determined longitudinal ultrasonic wave velocities for Tellurite 
glasses. 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4. The relation between the experimentally determined shear 
ultrasonic wave velocities and the theoretically determined shear 
ultrasonic wave velocities for tellurite glasses.  
 

4. Conclusions 

The author’s solution was found to be applicable 
for characterizing amorphous glass materials using 
the complete theoretical model, which now give a 
good chance to simulate the structures of glass 
materials before experimental processing. 
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