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Message from the Editor-in-Chief 
 

Scientific publishing has brought many 
challenges to authors. With increasing number of 
scientific journals, varying scopes and reviewing 
requirements, and cost of publishing to authors, 
finding the right journal to publish an article is a 
decision many authors must bitterly confront and 
resolve. The publication of scientific findings is 
an integral part of the life of researchers; and the 
process of publishing has evolved to become an 
efficient system of decimating knowledge and 
collaboration among scientists. Science journals 
have institutionalized procedures to manage 
large volume of article submissions per year; in 
many cases, journals began to define narrower 
scopes for a dual purpose: managing submissions 
and delivering outstanding research. 

 

Based on recent studies, the scientific 
publishing world consists of more than 25 
thousands active journals in various disciplines 
and fields. ScienceDirect hosts 3,348 journals (as 
of February 2014). The Directory of Open 
Access Journals lists in its search engine more 
than 9,800 open access online journals. 
According to recent estimates, the number of 
scientific journals grows by 3% per year 
worldwide. With this large number of journals, 
journals may find it harder to stay afloat. 

 

 

 

 

 

In its inauguration, the board of editors is 
honored to introduce to the scientific community 
the Journal of Engineering and Applied Sciences 
- JEAS, another scientific journal from Majmaah 
University. The board has pledged a commitment 
to JEAS authors and readers to bringing the most 
dynamic and vibrant journal management with 
ever quest for better satisfaction. 

Dr Muhammad Al-Salamah 
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Abstract 

A damage in a structure alters its dynamic characteristics; namely, natural frequencies, modal damping values, and mode shapes. 
Changes also occur in some of the structural parameters such as: the mass, damping and stiffness matrices of the structure. 
Among different algorithms developed for structural damage identification, changes in either mode shape curvature or uniform 
load surface (ULS) curvature, derived from measured modal properties, have shown promise for locating structural damage. 
However, to date there is not a study reported in the technical literature that directly compares these two promising methods. The 
numerical results in this paper attempt to fill this void in the study of damage detection methods.  In this paper, a numerical study 
is investigated to compare the robustness of these two methods in damage detection using the frequencies and mode shapes of the 
first few modes. Also, the application of a damage localization algorithm to these two methods in detecting and locating damage 
is demonstrated. The numerical results show that both of the two methods can accurately locate single damage with different 
damage characteristics (location and severity). However, the two methods have shown less sensitivity to specific types of damage 
when applied to multiple damage locations. Also, the results of the ULS curvature method contain less noise than that of the 
results of the mode shape curvature method. Finally, the mode shape curvature can pinpoint damage locations even with one of 
the lower mode shapes of the structure and it does not require the mode frequency. 

 

Keywords: Structural Damage Detection; Mode shape Curvature; Uniform Load Surface Curvature; Dynamic Characteristics. 
Article history: Received 31 Dec 2013, Accepted 4 Feb 2014 

 
1. Introduction 

Interest in the ability to monitor a structure and 
detect damage at the earliest possible stage is 
pervasive throughout the civil, mechanical, and 
aerospace engineering communities. Current damage 
detection methods in civil structures are either visual 
or localized experimental methods such as; acoustic 
emission or ultrasonic methods, electro-magnetic 
field methods, X-ray, radiographs, eddy current 
methods, and thermal field methods, Doebling et al., 
1996. All of these experimental techniques have 
some limitations such as: 1) the quality of the process 
is often dependent on the inspection personnel 
experience and knowledge and 2) results from one 
(local) area of a structure does not necessarily 
represent conditions at another area. Furthermore, 
there is a possibility that damage could be undetected 

at inspection or that growth of cracks in load-carrying 
members to critical levels, for instance, could occur 
between inspection intervals and lead to a structure 
collapse. So, the need for more robust global damage 
monitoring systems have motivated investigators to 
study the application of global, vibration-based 
damage detection methods  that can be applied to 
complex structures using changes in the global 
dynamic characteristics of the structure. 

Over the past four decades detecting damage in a 
structure from changes in global dynamic parameters 
has received considerable attention from civil, 
aerospace and mechanical engineering communities. 
The basis for this approach is that changes in the 
structure physical properties such as: boundary 
conditions, stiffness, mass and/or damping will alter 
the structure dynamic characteristics; namely, natural 
frequencies, modal damping values, and mode 
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shapes. Doebling, et al., 1996 provided an excellent 
review on research advances in this area, and 
summarized this kind of technology as vibration-
based damage identification methods. 

Significant work has been done in the formulation 
of vibration-based damage detection algorithms. 
Early works make use of the natural frequency and 
mode shape information. Salawu, 1997 gave a 
literature review of the state of the art of damage 
detection using changes in natural frequency. Salawu 
and Williams, 1995 formulated changes in modal 
assurance criteria (MAC) and changes in co-ordinate 
modal assurance criterion (COMAC) between the 
intact and damaged structure as indicators to localize 
damage. Abdo and Hori, 2001 illustrated with 
theoretical and numerical analysis that the derivatives 
of mode shapes are good indicators of damage. 
Pandey et al. 1991 demonstrated that changes in 
mode shape curvature could be a good indicator of 
damage. Furthermore, Quan and Weiguo, 1998 
showed that for a steel deck of a bridge, the curvature 
of mode shape is the best among three damage 
recognition indices based on mode shapes, (the 
COMAC, the flexibility, and the curvature of mode 
shape). In addition, they found that some first 
vibration mode shapes, whether vertical or horizontal 
modes, could be used equally to detect damage in the 
steel deck. Ratcliffe, 1997 successfully used a finite 
difference Laplacian function, which represents the 
curvature of the mode shape, to identify the location 
of damage as little as about 10 percent in a uniform 
beam. Unfortunately, this method had a problem for 
less severe damage because it needed further 
processing and gave smearing location of damage. 
Applications of modal curvature to concrete 
structures were found to be promising, Maeck and De 
Roeck, 1999, and recently by Pirner and Urushadze 
2001. Abdo and Abdou, 2005 have investigated the 
robustness of using curvatures of high-order mode 
shapes (which can be measured by advanced sensors) 
in damage identification. They found that both low- 
and high-order mode shapes gave successful results 
even though the low-order mode shapes gave 
smoother localization than that of the high-order 
mode shapes. Abdo, 2012 investigated the 
application and reliability of using high-order mode 
shape derivatives especially, the fourth derivative in 
damage detection of plate-like structures. The results 
showed that the fourth derivative of mode shape is 
promising in detecting and locating structural damage 
in plate-like structures. Unfortunately, damage 
detection using changes in fourth derivative of mode 
shapes is sensitive to measurement noise. 

During the last two decades some researchers 
found that the modal flexibility can be a more 
sensitive parameter than natural frequencies or mode 
shapes alone for structural damage detection. 
Raghavendrachar and Aktan, 1992 examined the 
application of modal flexibility for a three span 
concrete bridge. In their comparison with natural 
frequency and mode shapes, the modal flexibility is 
reported to be more sensitive and reliable for local 
damages. Zhao and Dewolf, 1999 presented a 
theoretical sensitivity study comparing the use of 
natural frequencies, mode shapes, and modal 
flexibility for structural damage detection. The results 
demonstrate that modal flexibility is more likely to 
indicate damage than either the other two. Pandey 
and Biswas, 1994 proposed a damage localization 
method based on directly examining the changes in 
the measured modal flexibility of a beam structure. 
Also, Pandey and Biswas, 1995 presented an 
experimental verification of locating damage in 
structures using flexibility difference method. Lu et 
al., 2002 pointed out that Pandey's method is difficult 
to locate multiple damages, and they recommended 
the modal flexibility curvature for multiple damage 
localization due to its high sensitivity to closely 
distributed structural damages. Zhang and Aktan, 
1995 studied the modal flexibility and its derivative, 
called uniform load surface (ULS) and stated that the 
change in curvature of the uniform load surface can 
be used to determine the location of damage. Wu and 
Law, 2004 extended the application of uniform load 
surface curvature to plate structures and showed that 
the ULS has much less truncation effect and is less 
sensitive to experimental errors. These features make 
the ULS curvature a potentially useful index for 
experimental nondestructive evaluation. 

So far among different algorithms developed for 
damage identification, changes in mode shape 
curvature and uniform load surface curvature, derived 
from measured modal properties, have shown 
promise for locating structural damage. However, to 
date there has not been a study reported in the 
technical literature that directly compares these two 
successful methods. The numerical results reported in 
this paper attempt to fill this void in the study of 
damage detection methods. The objective of this 
paper is to clarify and understand the relative merits 
as well as the shortcomings of these two methods. A 
careful numerical study is carried out by using the 
finite element method to analyze dynamic behaviour 
of damaged structural members of a two-span 
continuous steel beam. 
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2. Theoretical background 

2.1. Mode shape curvature  

Let us consider a simply supported beam element 
which has the stiffness K=EI with E and I being the 
modulus of elasticity and the second moment of the 
beam cross section, respectively. A narrow zone of 
damage with width h is assumed at 

2/2/ hxxhx dd ���� with the stiffness KK '� .  

As h goes to zero, the natural frequency as well as 
the associated displacement, slope, bending moment, 
and shear force approach those of the intact beam. 
However, the curvature at the intersection suffers a 
jump; for instance, at 2/hxd � , the curvature 

satisfies rl KKKMhM NN )( '�  '� , where N
and M stand for the curvature and bending moment. 
By approximating M as )(0

dxKN , then the jump of 
the curvature is evaluated as:  

 

> @ .)(    1  0
dx

KK
K NN ¸

¹
·

¨
©
§ �

'�
|           (1) 

 

Since h is small, this jump leads to a spike in the 
curvature of mode shape, its height is related to K'  
and 0N . The width of the spike is h and the height of 
the spike becomes sharper as h decreases and the 
height increases as K'  increases. Thus, a reduction 
of stiffness associated with damage will, in turn, lead 
to an increase in curvature. Differences in the pre- 
and post-damage mode shape curvature will be 
largest in the damaged region. For multiple modes, 
the absolute values of change in mode shape 
curvature associated with each mode can be assumed 
to yield a damage parameter for a particular location. 

2.2. Uniform load surface curvature  

For a structural system with n degrees-of-freedom, 
the flexibility matrix can be expressed by 
superposition of the mass normalized modes rI  as 
follows: 
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where rZ  is the r th natural frequency. It can be seen 
from Eq. (2) that the modal contribution to the 
flexibility matrix decreases rapidly as the frequency 

rZ  increases, so the flexibility matrix converges 
rapidly as the number of contributing lower modes 
increases. This observation provides a great 
possibility to approximate closely the flexibility 
matrix with several lower modes. 

In practice, there are only several, in most cases 
two to three lower vibration modes of a structure 
which can be obtained with confidence from modal 
testing. When m lower modes are available, the 
modal flexibility matrix can be approximated as 
follows: 
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in which the modal flexibility, lkf , , at the k th point 
under the unit load at point l is the summation of the 
products of two related modal coefficients for each 
available mode, 
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 For a linear system, the modal deflection at 
point k under uniform unit load all over the structure 
can be approximated as 
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The uniform load surface (ULS) is defined as 
the deflection vector of the structure under uniform 
load. 
 

^ ` ,.)()( VFkutU                          (6) 

where ^ `T nV u 11,...,1,1  is the unit vector representing 
the uniform load acting on the structure. From Eqs. 
(4) and (5), it is observed that the ULS converges 
more rapidly with the lower modes than the modal 
flexibility. This is because of the summation of all 
the modal coefficients of each mode to the ULS in 
Eq. (5). Since the modal coefficients of higher modes 
tend to cancel each other more than those of the 
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lower modes, the lower modes tend to contribute 
more than the higher modes to the ULS coefficients. 
This canceling effect does not exist with the modal 
flexibility formulation in Eq. (4). These significant 
properties make the ULS a potentially stable and 
sensitive damage indicator for structural health 
monitoring. 

2.3. Curvature based on central difference method 

It is assumed that the dynamic response of the 
structure is acquired by placing sensors in a 
rectangular grid, so that the mode shapes, and then 
the ULS can be estimated. In the absence of damage, 
the mode shapes and ULS of the structure is a smooth 
surface over the loading plane. When there is a fault, 
sharp changes in the ULS, like a peak or abrupt 
slope, will appear at the fault location. Based on the 
study of damage detection with mode shapes and 
flexibility for beamlike structures (Pandey et al., 
1991; Lu et al., 2002), the curvature technique is 
proven to be most efficient to locate these changes in 
the smooth curves. 

So far all the reported studies on curvature-based 
damage detection computed the curvatures using a 
finite central differentiation procedure. Using this 
technique, the curvatures of the mode shapes or ULS 
are calculated by a Laplacian operator along the 
sensor grid as 

2
11 2

L
uuuu iii

i
�� ��

 cc ,                                       (7) 

 

where L is the length of the element and the grid is 
assumed to be equally spaced. 
 

If two sets of measurements, one from the intact 
structure and another from the damaged structure, are 
taken and the modal parameters are estimated from 
the measurements, the curvatures of mode shapes and 
ULS at any point for the two states can be obtained 
using Eq. (7). The presence of an irregularity in the 
damaged curvature can be detected by subtracting the 
curvature of the intact state from the curvature of the 
damaged state. If the structure is undamaged when 
the second set of measurement is carried out, the 
difference between the two sets will be the noise 
only. Therefore, values of the absolute differences of 
curvatures slightly oscillate around zero without any 
distinct peak. In contrast, spikes will clearly show up 

at the damaged zone of the beam, as will be shown 
hereafter. 

2.4. Damage localization algorithm 

We have known that the derivatives of mode 
shapes or ULS are sensitive and localized at the 
damaged region. Now, we need to make a decision 
whether a structure is undamaged or damaged at a 
given location. In this study, the algorithm which is 
developed by Stubbs et al., 1995, is used to calculate 
the damage indices that are function of measurable 
pre- and post-damage modal characteristics. The 
damage localization is accomplished in three steps as 
follows: 1) compute the absolute differences of the 
curvature at the i th node of the jth mode, ijE , 2) 
normalize the values of the indicators according to 
the rule 
 

� � jjijijI EE VPE �               (8) 
 

where, jEP  and jEV  are respectively, the mean and 
standard deviation of the damage indices for the j th 
mode,  3) classify the damage location at any point, i. 
The damaged location is that at which the damage 
indices have values .2tijI  It should be mentioned 

that the points that have damage indices, 2tijI  
indicate that the probability of false alarm (Pfa) is 
just 0.0228.  

 
3. Numerical example 

To accomplish the comparative study between the 
curvatures of mode shapes and ULS in detecting 
damage in structural systems, a two-span continuous 
steel beam is studied. The beam is assumed to have 
uniform cross sectional area and supported on a hinge 
support in the middle and roller supports at both 
ends. The pre- and post-damage modal parameters 
are calculated numerically using the software 
package MARC/Mentat, 2010 (a, b). Two-node beam 
element (element 98) with six degrees of freedom per 
node is used. The finite element model of the beam 
consists of 60 equal-length 2-D beam elements and 
61 nodes as shown in Fig. 1. The cross sectional area  
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Fig. 1. Geometry of the two-span continuous beam 

 
of the beam and the moments of inertia are, A=0.07 
[m2], and Iz= 0.040 [m4], Iy= 0.001 [m4], respectively, 
and the mechanical properties are, modulus of 
elasticity, E=210 GN/m2, Poisson's ratio, Q=0.3, and 
the density, U=7,850 [kg/m3]. 
 

The eigenmodes calculated are orthogonal with 
respect to the inertia matrix M, i.e., 1 i

T
i Mxx . Only 

the translational displacement mode in the y direction 
(Uy) is considered in the analysis. This was done 
because, in any experimental work, in general, 
rotations are not measured because of the difficulty in 
their measurements. Moreover, since we are 
interested only in the flexural modes of vibration, 
translation along the X axis can also be neglected. For 
the sake of comparison and to be applicable to 
experimental data, the displacement modes are 
normalized with respect to the square root of sum of 
squares, (SRSS).  

The damage of the model in this study is 
assumed to affect only the stiffness matrix but not the 
inertia matrix in the eigenproblem formulation. This 
assumption is consistent with those used by Pandey 
et al., 1991, Lu et al., 2002 and Wu and Law, 2004. 
The change in the stiffness due to damage is modeled 
by a reduction in the modulus of elasticity of the 
element. The degree of damage is then related to the 
extent of reduction of the modulus of elasticity, E, of 
some elements. A linear modal analysis is performed 
to examine the robustness of curvature techniques in 
damage detection.  

Six cases of damage are studied. These cases of 
damage are investigated to represent not only 
different locations but also different severities of 
damage. For each case of damage, the first five 
natural frequencies and the corresponding mode 
shapes are calculated. Table 1 shows the damage 
characteristics of the six cases of damage. The first 
three cases of damage represent single damage with 

30% reduction in modulus of elasticity, E, with 
different locations in elements No. 1, 8 and 15, 
respectively. The fourth and fifth cases of damage 
represent single damage with different severities of 
damage, 10% and 30% reduction in E of element 30. 
The sixth case of damage represents multiple damage 
locations with 30% reduction in E in elements No. 1, 
8, 15 and 30, simultaneously. The four elements No. 
1,8, 15, and 30 are chosen to simulate different types 
of damage scenarios. Damage in element No. 1 
represents a failure due to shear at the end support 
where the displacement and curvature have minimum 
values. Damage in element No. 8 represents a failure 
due to combined shear and bending moment where 
the displacement and curvature have small values. 
Damage in element No. 15 represents a failure due to 
bending moment where the displacement and 
curvature have maximum values. Damage in element 
No. 30 represents a failure due to combined shear and 
bending moment where the displacement has 
minimum value and the curvature has maximum 
value. The first five cases of damage represent single 
damage location with different degrees of severities 
of damage, whereas Case-6 is studied to show the 
capability of the damage detection methods to detect 
and pinpoint multiple damage locations. 
 

4. Analysis of results 

The first five frequencies and mode shapes for the 
intact and damaged beam models are investigated for 
the pre-mentioned six cases of damage. The 
displacement mode shapes are normalized by the 
square root of sum of squares (SRSS). As mentioned 
before, these six cases of damage represent different 
damage characteristics, (location and severity). 

 

 

y

60 [m]

x
1 31 61

1
4 7 10 13 16 19 22 25 28 34 37 40 43 46 49 52 55 58

6 11 16 21 26 31 36 41 46 51 56 60
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Table 1. Damage characteristics of the beam model 

Case  of  
damage   

Damage  location  
(Element  No.) 

Percentage  
reduction  in  E 

Number  of  
damage  
locations 

Case-1 1 30 1 

Case-2 8 30 1 

Case-3 15 30 1 

Case-4 30 10 1 

Case-5 30 30 1 

Case-6 1,8,15,30 30 4 

 

In case of the uniform load surface curvature, first 
we calculate the participation of each of the first five 
modes to the uniform load surface (ULS) from the 
normalized displacement modes in the Y direction. 
Next, we calculate the ULS using Eq. (6) using the 
available natural frequencies and mode shapes. Then, 
we calculate the curvature of the ULS using the 
central difference approximation using Eq. (7). Then, 
the absolute differences of the curvatures of ULS are 
calculated. On the other hand, for damage detection 
using mode shape curvature, only the normalized 
mode shapes are needed. The curvatures of mode 
shapes are calculated directly using Eq. (7). The 
absolute differences of the curvatures between 
damaged and undamaged beam models are estimated 
for each of the first five modes. As expected, the 
absolute differences of the mode shape curvatures or 
ULS curvatures have clear spike(s) at the damaged 
element(s) for all scenarios of damage. 

Now, the next problem is to classify the curvatures 
into damaged and undamaged locations. This can be 
accomplished by applying the damage localization 
algorithm using Eq. (8) to the absolute differences of 
curvatures. On calculating the damage indices of the 
curvatures, one can distinguish the damaged and 
undamaged element(s) of the beam model. The 
damaged nodes are those which have damage indices, 

2tI . 
 

5. Numerical results and discussions 

5.1. Natural frequencies 

The percentage changes in the first five natural 
frequencies of the two-span beam for different cases 
of damage are listed in Table 2. It is clear from this 
table that there is a discernible change in the natural 

frequencies between the intact and damaged beam, 
but this does not give an indication of the location of 
damage. This is expected because natural frequencies 
represent the dynamic characteristics of the whole 
structure. However, it is important to mention that the 
decrements of natural frequencies are very small for 
all modes of damage Case 1. This is attributed to the 
fact that the node lines of these modes pass through 
the region of damage (element No. 1). The same 
thing can be said to the third and fourth modes in 
damage Case 3 and to the first, third and fifth modes 
of damage Case 4 and damage Case 5. It can be said 
that the natural frequencies are directly related to the 
stiffness of the structure. Therefore, a drop in the 
natural frequencies will indicate a loss of the 
stiffness. Unfortunately, these changes do not 
indicate the location of damage. They are insufficient 
alone to locate the damage. 

Table 2. Percentage reduction of natural frequencies 
due to damage 

Case  of  
damage 

Damage  
location 
(Element  
No.) 

%  reduction  in  natural  frequency 

Mode  1 Mode  2 Mode  3 Mode  4 Mode  5 

Case-1 1 0.0133 0.0192 0.0506 0.0613 0.1058 
Case-2 8 0.3575 0.4348 0.6684 0.5998 0.3468 
Case-3 15 0.6954 0.4904 0.0502 0.0796 0.6112 
Case-4 30 0.0034 0.3151 0.0128 0.2755 0.0271 
Case-5 30 0.0133 1.1848 0.0502 1.0232 0.1049 
Case-6 1,8,15,30 1.0744 2.0918 0.8164 1.7493 1.2126 

 
 
5.2. Curvature techniques 

5.2.1. Number of mode shapes 

The damage indices of mode shape curvatures of 
Case 4 of damage (10% reduction in E in element 
No. 30) are plotted in Figs. 2 (a), (b) and (c) for the 
first, second and fifth mode shapes, respectively. It is 
shown that the damage indices have clear spikes at 
the damaged element for each of the first five modes. 
The values of the damage indices beyond the 
damaged region have small values, (< 2), which 
represent the noise (measurements or approximation 
errors). However, there is a variation in the damage 
indices values from one mode to another. This 
depends on the sensitivity of each mode to a specific 
location of damage. So, the mode shape curvature for 
each of the first five mode shapes is able to localize 
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(a) First mode  

 
(b) Second mode 

 
(c) Fifth mode 

Fig. 2. Damage indices of mode shape curvature of Case 4 of damage 

structural damage, even with only the first mode 
shape. So, in the next section only the first mode 
shape will be used in the comparison study. It is 

worth to mention that no need to the natural 
frequency in calculating the mode shape curvature. 
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(a) One mode 

 
(b) Two modes 

 
(c) Five modes 

Fig. 3. Damage indices of ULS curvature of Case 4 of damage 

As mentioned before, and unlike the mode shape 
curvature, the ULS curvature technique requires both 

the natural frequencies and mode shapes. Also, since 
the ULS depends on the flexibility matrix of the 
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system, so the ULS curvature technique depends 
upon the number of available modes used in the 
analysis. Figures 3 (a), (b) and (c) plot the damage 
indices of ULS curvatures of Case 4 of damage (10% 
reduction in E in element No. 30) using the first 
mode, the first two modes and the first five modes, 
respectively. It is shown that the damage indices of 
the ULS curvature using only the first mode shape do 
not give any idea of the damage location. However, 
the damage indices of ULS curvature using the first 
two modes and using the first five modes (Figs. 3(b) 
and (c)) have clear spikes at the damaged element of 
the beam. Again, the values of the damage indices 
beyond the damaged region have small values, (< 2), 
which represent the noise. It is also noticed that Figs. 
3(b) and (c) give approximately the same results 
which imply that the ULS is stable using only the 
first two mode shapes. Similar results are obtained 
for Case 5 of damage (30% reduction in E in element 
No.30). So, in the next section only the first two 
mode shapes will be used in the comparison study. 
 
5.2.2. One damage location 

The damage indices of mode shape curvatures 
of Case 1 of damage (30% reduction in E in element 
No. 1) are plotted in Fig. 4 (using only the first mode 
shape). Also, the damage indices of ULS curvatures 
of the same case of damage are plotted in Fig. 5 
(using the first two mode shapes). Figures 6 and 7 
show the same set of results for Case 3 of damage 
(30% reduction in E in element No. 15). It is shown 
that the damage indices have clear spikes at the 
damaged element for both of the two methods. The 
values of the damage indices beyond the damaged 
region have small values, (< 2), which represent the 
noise. However, the ULS curvature method has less 
noise compared to the mode shape curvature method. 

This is because the summation of the modal 
coefficients of more than one mode averages out the 
random error at each measuring point. Similar results 
are obtained for Case 2 of damage. Therefore, the 
mode shape curvature and the ULS curvature can 
accurately locate different types of one damage 
location, i.e., damage due to shear (Case 1), damage 
due to combined shear and bending (Cases 2, 4 and 
5), and damage due to bending moment (Case 3). 

5.2.3. Multiple damage locations 

The damage indices of mode shape curvatures of 
Case 6 of damage (30% reduction in E in elements 
No. 1, 8, 15 and 30) are plotted in Fig. 8 (using only 
the first mode shape). Also, the damage indices of 
ULS curvatures of the same case of damage are 
plotted in Fig. 9 (using the first two mode shapes). It 
is shown that the damage indices of the two methods 
of damage detection have clear spikes at the damaged 
elements of the beam model and have small values 
beyond the damaged elements. It is also shown that 
the damage indices of the ULS curvature have less 
noise compared to those of the mode shape curvature. 
Indeed, although both of the two methods have clear 
spikes at the four damage locations, the damage 
indices of element No. 1 are underestimated (< 2). 
This can be interpreted by the fact that the damage in 
element No. 1 is located in a region of zero bending 
moment and consequently zero curvature. Therefore, 
the curvatures are less sensitive to that location of 
damage compared with other damage locations where 
the curvature has a specific value. Fortunately, most 
of damage types are related to flexural failures, so the 
curvature techniques are promising in structural 
damage identification. 

 
 

 
Fig. 4. Damage indices of mode shape curvature of Case 1 of damage 
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Fig. 5. Damage indices of ULS curvature of Case 1 of damage 

 
 

 
Fig. 6. Damage indices of mode shape curvature of Case 3 of damage 

 

 
Fig. 7. Damage indices of ULS curvatures of Case 3 of damage 
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Fig. 8. Damage indices of mode shape curvature of Case 6 of damage 

 

 

Fig. 9. Damage indices of ULS curvatures of Case 6 of damage 

6. Conclusions 

A comparative study of curvature techniques used 
in structural damage detection, represented here in a 
numerical finite element model, has been 
investigated. The results of the two-span continuous 
steel beam model demonstrate the robustness of the 
changes in mode shape curvatures and uniform load 
surface (ULS) curvature as diagnostic parameters in 
detecting and locating different damage 
characteristics (one or multiple damage locations 
with different severities of damage). The robustness 
in using changes in curvatures is that the two 
methods require only the lower modes of a structure 
which can be easily and accurately measured in 

modal testing. However, the following conclusions 
are drawn from the above results: 

1) Both of the two methods can accurately locate 
different damage characteristics using the 
damage localization algorithm. 

2) The ULS curvature method requires at least the 
data of two of the lower modes (natural 
frequencies and mode shapes) to give an idea 
about the damage location. 

3) The results of the ULS curvature method 
contain less noise than that of the results of the 
mode shape curvature method. 

4) The mode shape curvature can pinpoint damage 
locations even with one of the lower mode 
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shapes of the structure and it does not require 
the mode frequency. 

 
Indeed, mode shape curvature method has an 

advantage that the curvature of mode shape can be 
measured directly without approximation, which will 
improve the results of damage identification. The 
details of curvature gauges to measure curvature 
directly are given by Kovacevic et al., 2006. 
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Abstract 

From the survey of works about the study of viscoelastic adhesively bonded tubular joint, it was found that a little amount of data 
is available about the effects of viscoelastic properties of adhesive material on the overall performance of adhesively bonded 
joints.  In the current investigation, stress analysis was carried out for six different geometries of adhesively bonded tubular joints 
under quasi-static internal pressure, taking into consideration the viscoelastic properties of the adhesive material. Lifetime 
investigation was carried out for the adopted joints under open and closed end conditions, based on the experimental data of the 
mechanical properties for the viscoelastic adhesive. Finite element method was adopted through the current investigation 
considering non-linear viscoelastic behavior of the adhesive. The effects of joint geometry and loading conditions on the lifetime 
and the equivalent stresses were investigated. From the obtained results it was found that double scarf with external sleeve and 
stepped adhesively bonded joints are the most appropriate joints under open end condition.  In addition for closed end condition 
butt joint with external sleeve and external recessed sleeve joint are the most appropriate joints. 
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1. Introduction 

Recently, adhesively bonded tubular structures are 
extensively used in aircrafts, automobiles, pipelines, 
etc. Structural performance of adhesively bonded 
tubular joints with various configurations, such as 
lap, butt and butt with reinforced sleeve, etc., has 
been investigated under quasi-static and dynamic 
loading (e.g., Hassab-Allah, 2002, Jeandrau, 1991, 
Ahmed, et al., 1989, Khalil, 1994, Vaziri and 
Hashemi, 2002). For most designs of adhesively 
bonded joints the principal assumption is the elastic 
behavior of the adhesive layer (see for example 
Hassab-Allah, 2002, Apalak and Davies, 1994, Tsai 

and Morton, 1994, Mori and Sugibayashi, 1992, 
Chen and Cheng, 1990, Kyogoku, et al., 1987. In 
practice, new adhesives such as rubber-modified 
epoxies have a large plastic strain to failure. 
Therefore, the elastic-plastic behavior of these types 
of adhesively boned joints was investigated by 
Apalak and Engin, 2002, Ozel and Kadioglu, 2002, 
Crocombe and Bigwood, 1992. According to Yu, et 
al., 2001, the elastic and elastic-plastic behaviors of 
the adhesive is not suitable for many adhesives that 
have viscoelastic behavior. This maximizes the use of 
viscoelastic analysis for the adhesively bonded joints, 
where the re-distribution of stresses and strains that 
occurs in the joints during the viscoelastic 
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deformation influences the strength of the joints 
considerably.  

From the survey of works (e.g., Apalak, et al., 
2003, Nguyen and Kedward, 2001, Fujii, 1993, 
Miyano, et al., 1982, Heymans, 2003, Feng, et al., 
2005) about the study of viscoelastic adhesively 
bonded tubular joint, it was found that a little amount 
of data is available about the viscoelastic behavior of 
the adhesive materials. Therefore the role of 
viscoelastic properties of adhesive material on the 
overall performance of adhesively bonded joints 
needs more investigations. In the present work, stress 
analysis of adhesively bonded tubular joints with 
different joint geometries was carried out under 
quasi-static internal pressure, taking into 
consideration the viscoelastic behavior of the 
adhesive material. An approach for the lifetime 
estimation of the adhesively bonded tubular joint was 
carried out. Six tubular bonded joints with different 
geometries, shown in Fig. 1, are adopted through the 
current investigations. Finite element method was 
used considering nonlinear viscoelastic adhesive 
behavior. The effects of joint geometries and loading 
conditions on the lifetime and the equivalent stress 
were investigated. The optimum joint geometry was 
determined based on lifetime and equivalent stresses, 
for open and closed end conditions. 

2. Viscoelastic Lifetime Analysis 

The simple linear viscoelastic models can not 
represent the behavior of adhesives systems well. 
Therefore, nonlinear viscoelastic material model was 
adopted throughout the current investigations. 
Generally the viscoelastic deformation consists of 
three components: elastic, high elastic and viscous. 
Different models with discrete set of elastic modulus 
and relaxation times can successfully represent the 
viscoelastic behavior of many materials. Generalized 
Maxwell model, shown in Fig. 2, has great 
capabilities in representing the nonlinear viscoelastic 
behaviors. Milašienė, et al., 2003, study and predict 
stress relaxation in laminated leather in order to 
provide the possibility to investigate the time 
dependence shown by different system layers of 
laminated leather and understanding their viscoelastic 
behavior. They adopted the generalized Maxwell 
model which possesses a regular spectrum of 
relaxation times that successfully describes stress 
relaxation behavior of the leather in non-linear 
regions. Abouel-Kasem and Lazarev, 2000, 
investigated micro viscoelastic model, of rubber, that 
used in the numerical analysis and design of machine 
parts. They found that the relaxation and creep 

behaviors of the rubber material were successfully 
represented by the generalized Maxwell model.  
According to Fujii, 1993, Milašienė, et al., 2003, 
Abouel-kasem and Lazarev 2000, Sato and Toda, 
2004, the generalized Maxwell model was 
successfully used in representing the viscoelastic 
behavior of different materials. Therefore, the 
generalized Maxwell model will be adopted through 
the current investigations to represent the viscoelastic 
behavior of the considered adhesive material. 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

The relaxation modulus for the generalized 
Maxwell model can be expressed as: 

Fig. 2. Generalized Maxwell model 

JOINT-1.  Double scarf with external sleeve.  
JOINT-2.  Tubular scarf.  
JOINT-3.  Stepped joint.   
JOINT-4.  Tubular over lapped joint 
JOINT-5.  External recessed with external sleeve. 

       JOINT-6.  Tubular butt joint with external reinforcing sleeve.                                                                                                            
 

JOINT- 1 

JOINT- 4 JOINT- 5 JOINT- 6 

JOINT- 2 JOINT- 3 

Fig. 1. Considered types of tubular joint 
geometries  
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where kτ  is the relaxation time of element k, 
k
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0E  is the quasi-equilibrium value of the modulus of 

elasticity, n is the total number of Maxwell elements, 

kE  is the Young's modulus for element number k and 

kη  is the  coefficient of viscosity of  the Maxwell 

element. 

It is well known that the relaxation modulus and 
creep compliance are connected by a simple relation 
between their Laplace transforms as; 

J(S)E(S) = 1
S2

   (2) 

Applying Laplace transforms on Eq. (1) and 
substituting it into Eq. (2), Laplace transforms of the 
creep compliance for the generalized Maxwell model 
may be obtained as; 
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Due to the complexity of Laplace transforms of 
the creep compliance for the generalized Maxwell 
model, Eq. (3), it is impossible to obtain explicit 
function for the creep compliance in the time domain. 
In such case a numerical scheme may be carried out 
based on the integral form of the inverse Laplace 
transform to obtain the creep compliance in the time 
domain. 

For compressible or incompressible nonlinear 
viscoelastic material the stress rate tensor, for the 
general Maxwell model, can be expressed as: 

σ ijk
•
=σ ij

e
k

•
−
1
τ k
σ ijk       (4) 

where •

kij
σ  is the stress rate tensor of element number 

k, •

k
e
ijσ  is the rate of elastic stresses tensor of element 

number k,
kij

σ  is the stress tensor of element number k.  

The nonlinear elastic behavior of viscoelastic 
material is described by potential energy polynomial 
as:  

( ) ( )∑ −−=
ji

ji
ij IICW

,
21 33         (5) 

where, I1 and I2 are the first and second invariants of 
the deviatoric strains and Cij are material constants. 
Cij, are constants that can be determined from 
experimental data generated from both of uniaxial 
tension and compression tests.  

The lifetime estimation of viscoelastic adhesive is 
an important factor for the design of the adhesively 
bonded joints. According to Abouel-Kasem, 2006, 
the lifetime of the viscoelastic material in cases of 
uniaxial creep tension and plane stress states can be 
determined by the following equations: 

( )στ log
273
261.52
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T
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−

+
+=     (6) 

logτ = logC +
52.261 U0 + a(σ S)

2!
"

#
$

273+Tc
− b log 1.5σdev1( )

 (7) 

Where τ  is the lifetime, service time to failure, Uo 
is the initial activation energy of rupture process, b is 
the static strength exponent, log C is the pre-
exponential coefficient, a  is a constant value; 

1devσ  

is the first principal deviator of stress, sσ  is the 
hydrostatic stresses and Tc is the temperature (°С). 

It is possible to calculate lifetime not only on edge 
of the viscoelastic parts, but also inside by equation 
(7) after experimental determination of the lifetime 
parameters. For calculating the lifetimes of the 
viscoelastic material parts at different temperatures a 
computer program was written using C++ software 
and formula 7, the input data of the activation 
characteristics of elastomer ( CUb log,, 0

) and the 
parameter (a) which are determined experimentally. 
The program was realized in the version of finite 
element method FEM. Solution problems of 
viscoelastic parts were considered as incompressible 
by Abouel-Kasem, 2006. 

3. Adhesive Viscoelastic Properties  

The viscoelastic properties of the adhesive 
material, cold-cure epoxy E27 supplied by 
Permabond, experimentally obtained by Yu, et al., 
2001,were adopted through the current investigations. 
Where, creep tests were carried out at different 
applied stresses, 35 MPa, 40 MPa and 45 MPa. 
Figure 3 shows the variation of the creep compliance, 
J(t), versus time at different applied stresses. It’s 
clear that the creep compliances, J(t), at different 
applied stresses have bad agreement in the rupture 
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stages. This may be attributed to the fact that near the 
rupture stage tri-axial stresses are induced. Due to 
such fact the creep compliance, J(t), of long time, 
small applied stresses, may have more reality in 
representing the viscoelastic behavior of the 
materials. Therefore, the experimental date of the 
creep compliance extracted from the experimental 
work by Yu, et al., 2001, of long creep time, at 
applied stress of 35 MPa, are adopted in representing 
the viscoelastic behavior of cold cure epoxy E27. 
According to Yu, et al., 2001, complete ranges of the 
creep tests data for cold cure epoxy E27 were 
obtained, at different loads, where, the characteristics 
primary, secondary and tertiary region of the creep 
can be seen. From the tertiary regions the variation of 
the rupture time versus stresses for both of tension 
and compression quasi-static loads were obtained and 
represented in Fig. 4. 

Also, the stress-strain data, shown in Fig. 5 for 
cold cure epoxy E27 obtained by Yu, et al., 2001, 
under tensile and compressive loads will be used.  

To obtain the suitable number of elements of the 
generalized Maxwell model and their assigned 
values, the all experimental data were inserted in 
FEM (Ansys software). The numerical scheme was 
carried to obtain optimum number of elements of the 
generalized Maxwell model and their assigned values 
as shown in Fig. 6.  The numerically obtained creep 
compliance data for the generalized Maxwell model 
and their corresponding experimental values were 
represented in Fig. 3. They were obtained based on 
percentage errors of 1% or less between the creep 
data for the experimental and numerically calculated 
values. 

Finally, the activation characteristic parameters  
( CUb log,, 0 ) and parameter (a) of the viscoelastic 
adhesive material, cold cure epoxy E27, were 
determined as follows: 

The static strength exponent b is determined from 
the experimental results for two samples tested with 
two different tensile stresses from Fig. 4. Two 
lifetimes τ1 and τ 2  which, corresponding to different 
tensile stresses σ1 and σ 2 were recorded before 
fracture. The static strength exponent b is calculated 
using the following relation; 
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Two lifetimes 1τ and 2τ  which corresponding to 
different temperature 1T and 2T  at constant stress σ at 
different temperatures were recorded and used to 
calculate the activation energy of 

0U  as follows:  
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Fig. 3.  Variation of creep compliance, J(t), versus time at 
different applied stresses for cold cure epoxy E27 
extracted from Yu, et al., 2001 
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compression quasi-static loads for cold cure epoxy 
E27 extracted from Yu, et al., 2001 
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The parameter Clog  is determined from the 
experimental data point of sample fractures at 
constant temperature and tension stress. The formula 
for determining the parameter Clog  is 

    logC = logτ −
52.261⋅U0

273+Tc
+ b log σ  

(10) 

The parameter (a) was determined from uniaxial 
compression test of cylindrical sample between two 
flat polished chromium-platens. The 
cylinder/compression platens interface surfaces were 
lubricated with inert silicone oil. This scheme of 
lubrication will reduce interface friction coefficient. 
During the experiment, the cylinder is loaded with a 
constant load F at temperature Tc = 20 °C. The time 
to the first appearance of fractures is measured. The 
experimental results for compression cylinder are 
represented in Fig. 4 (nonlinear part). 

At internal points of the cylinder, the hydrostatic 
pressure is not equal to zero 0≠Sσ . To calculate the 
lifetime at internal points, it is necessary to know the 
magnitude of the parameter (a).  From equation (7), 
the parameter (a) can be determined as follows: 

( )( ) !"
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&
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1
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2
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s
a στ
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The first principal deviator stress and hydrostatic 
pressure of internal point are determined using FEM.  
From experimental results of time before fracture at 
the tensile stress 

1
5.1 devσσ ⋅= and temperature Tc 

= 20 °С the parameter (a) can be calculated from 
equation (11). 

Fig. 6. Generalized Maxwell model that represents cold cure epoxy 
E27 

The activation characteristics of cold cure epoxy 
E27 ( CUb log,, 0 ) and the parameter (a) were 
determined theoretically and experimentally as 
mentioned above, it was found that cold cure epoxy 
E27 has the parameters, which are listed in Table 1. 

Table 1 Values of activation characteristics (b, Uo, 
log C) and parameter (a). 

Uo, 

kJ/mol 

 

b 

 

log C 2)(
,

MPamol
kJ

a
⋅

 

150 18.407 6.6363 9.08x10-3 

 

4. Finite Element Analysis 

4.1. Finite Element Mode 
Six geometries of adhesively bonded tubular joints 

were adopted throughout the current investigations, 
as shown in Fig. 1. Each joint consists of two thick-
walled tubes bonded together through an adhesive 
layer. The tubular joint dimensions are; tube inner 
radius r = 20 mm, tube thickness t = 6 mm and 
different adhesive thickness ta that vary from 0.05 
mm to 0.4 mm. In order to obtain the optimum joint, 
a comparison of lifetime and equivalent stresses for 
the different joints has been carried out using FEM 
(STAR for windows by Abouel-kasem and  Lazarev, 
2000 and 2001). For proper comparison a constant 
length of adhesive layer, L, of 20 mm was adopted. 
Each of the considered tubular joints is treated as 
two-dimensional axisymmetric problem. Due to the 
geometrical symmetry of joints 1, 5 and 6 about mid 
plane only one half of the joint have been modeled. 
While for joints 2, 3 and 4 full joint have been 
modeled. The tubes and sleeves are assumed to be 
made of carbon steel that has modulus of elasticity E 
= 206 GPa and Poisson’s ratio ν = 0.29. 
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Fig. 5. Stress-strain data for cold cure epoxy E27 obtained by 
Yu, et al., 2001, under tensile and compressive loads 
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The initial shapes of the finite element meshes for 
the considered adhesively bonded tubular joints are 
shown in Fig. 7. Four-node axisymmetric 
isoparametric element with four-integration points 
was used in all models. Two sets of boundary 
conditions were considered, open and closed ends. 
For open end condition both of tube ends are axially 
constrained, zero displacements in the axial direction 
(z-axis), and an internal pressure is applied at the 
entire inner surface nodal points in the radial 
direction (r-axis). While for the closed end condition, 
one of tube ends was fixed with zero displacement in 
z-axis and an internal pressure is applied at the entire 
inner surface nodal points in the radial direction. Due 
to closed end condition, the upper tube end was 
subjected to a uniform static pressure pc; 

pc =
pr2

t(t + 2r)
       (12) 

It is will know that the output results of the finite 
element model are very sensitive for the element size; 
therefore, it will be necessary to check the effect of 
element size on the results accuracy. In order to do 
that, different models with different mesh densities 
for the different joints should be investigated. From 
Fig. 1 it is clear that the geometry of the adhesive 
layer for the considered joints may be classified into 
two groups. One group has sharp corners, joints 3, 5 
and 6. The other group has not sharp corners, joints 1, 
2 and 4. Therefore, only one joint of each group may 
be adopted through the investigation of the effect of 
the mesh density on the results accuracy, for example 
joints 1 and 3.  

In order to check the effect of mesh density on the 
results accuracy, different models of different meshes 
density were used: 1×10, 2×20, 3×30, 4×40, 5×50 
and 6×60 elements, (thickness × longitudinal number 
of elements) of the adhesive layer. Finite element 
simulations for joints 1 and 3 under applied pressure 
of 25 MPa and 0.4 mm thickness of the adhesive 
layer under open-end-condition were carried out. The 
lifetime distribution along the adhesion interface, for 
joints 1 and 3, was adopted in the investigation of the 
effect of the mesh density on the results accuracy.  

Figure 8 shows a comparison between the lifetime 
distributions for joint 1 under the adopted meshes 
densities. It is clear that the large discrepancy in the 
lifetime distributions appears for 1×10 and 2×20 
meshes while the other three different meshes are of 
satisfactory agreements. This means that the accuracy 
may have no significant improvement by any more 
increase of the mesh density beyond 5×50 elements. 
In order to make a proper comparison the percentage 

error in the lifetime distributions, for joint 1, for the 
meshes 1×10, 2× 20, 3×30 and 4×40 are compared 
with respect to the mesh 5×50. Figure 9 shows a 
comparison of the percentage error in lifetime along 
the adhesion interface. It is clear that the minimum 
percentage error is achieved for the mesh 4×40 
compared with the mesh 5×50. The maximum 
percentage error for the mesh 4×40 is 2.36%. 
Therefore the mesh 5×50 is adopted through the 
current investigations for the joints 1, 2 and 4. 

Also, Fig. 10 shows a comparison between the 
lifetime distributions for joint 3 under the adopted 
meshes densities. It is clear that large discrepancy in 
the lifetime distributions appears for 1×10 and 2×20 
meshes while the other meshes have satisfactory 
agreements. It was found that the accuracy has no 
significant improvement by any more increase of the 
mesh density beyond 6×60 elements. This may be 
attributed to the fact that at place of sharp corners or 
changing geometry, normalized lengths s/L of 0.15 
and 0.85, large values of the stress concentrations are 
induced, where s is the length of the adhesive layer 
from the internal free edge to the considered point. At 
such places it is expected that accuracy of the mesh 

Joint No. 1 2 3 4 5 6 

No. of nodes 2729 5410 3501 4695 2968 3268 
No. of elements 864 1743 1108 1512 939 1033 

 

Joint-1 

Joint-2 Joint-3 Joint-4 

Joint-5 Joint-6 

z- axisymmetric 

Fig. 7. Finite element meshes of the adopted adhesively bonded 
tubular joints 
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density may violate. 

In order to make proper comparison, the 
percentage error in the lifetime distributions for 
adopted meshes densities with respect to mesh 6×60 
are considered and represented in Fig. 11.  It is clear 
that the minimum percentage error is achieved for the 
mesh 5×50 compared with the mesh 6×60. The 
maximum percentage error for the mesh 5×50 is 
7.5% that occurs at place of sharp corners. Therefore 
the model of 6×60 elements is adopted through the 
current investigations for the joints 3, 5 and 6. 

Finally, to check the effect of time step length on 
the results accuracy of the adopted viscoelastic 
models, different time step lengths of 10, 20, 30, 40, 
50, 75 and 100 were used. The obtained results 

showed that the effects of time step lengths on the 
results accuracy were of small order and may be 
neglected. Therefore, the time step increments of 100 
were adopted through all the current investigations. 

4.2. Strength of Adhesively Bonded Tubular Joint 
The mechanical strength of the adhesively bonded 

tubular joint essentially depends on three parameters: 

• adhesion between adhesive and adherends; 
• cohesion of the cured adhesive; and 
• joint geometry (shape and dimensions) 

The modes of failure in the adhesively bonded 
tubular joints are illustrated in Fig. 12. The surface 
preparation of the adherends (surface roughness and 
pre-treatment to remove the oxide films) has great 
influence on the interfacial failures, for more details 
see Rider, 1998.  
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Fig. 8. Lifetime distributions on the adhesion interface for 
different mesh densities, under applied pressure 25 MPa with 
0.4 mm thickness of the adhesive layer, for joint 1 under open 
end condition 
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Fig. 9. Comparison of the percentage error of lifetime 
distributions on the adhesion interface for different mesh 
densities with respect to the mesh 5×50 for joint 1 under open 
end condition 

Fig. 11. Comparison of the percentage error of lifetime 
distributions on the adhesion interface for different mesh densities 
with respect to the model 6×60 for joint 3 under open end 
condition 
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Fig. 10. Lifetime distributions on the adhesion interface for 
different mesh densities, under applied pressure 25 MPa with 0.4 
mm thickness of the adhesive layer, for joint 3 under open end 
condition 

 

L
ife

tim
e,

 L
og

 (τ
), 

s 

Normalized adhesive layer length, s/L 



 Abouel-kasem, A., et al / Journal of Engineering and Applied Sciences 1 (1) 13–23 20 

 

 

Interfacial cracks are frequently observed to occur 
in fabrication and manufacturing processes, such as 
trapped air bubbles or incomplete wetting between an 
adhesive and adherends. Wang and Yau, 1981 have 
shown that the presence of an edge crack in adhesive 
joints, such as interfacial flaw, can results in a 
progressive reduction of joint stiffness and the 
disintegration of the structure, which leads to 
fracture. The cohesive failures in the adhesive layer, 
that will be considered here mainly depends on the 
adhesive properties and the stress distributions 
through the adhesive layer 

The normal stress 1σ  , 2σ   and shear stress 12τ  
components at the adhesive layer especially in the 
vicinity of the free end are responsible for the crack 
initiation. The presence of an edge crack in the 
adhesive layer accompanied with the induced pealing 
or/and shear stresses will leads to progressive 
propagation of the crack which reduces the joint 
stiffness and lead to final fracture. Therefore, the 
normal and shear stress components in the adhesive 
layer are of prime importance. During the current 
investigations equivalent stresses are used instead of 
normal and shear stress components.  

( ) ( ) ( )212
2

2
2

1 τσσσ ++=eq     (13) 

The joint shape, adhesive layer thickness and 
adhesive layer length are the most effective 
parameters on the strength of the adhesively bonded 
tubular joints. This is due to their effect on the stress 
distributions along the bonded joints. Therefore, the 
main aim of the current investigations is to determine 
the optimum joint geometry based on minimum 
equivalent stresses and maximum lifetime. 

 

5. Results And Discussions 

The equivalent stresses at internal free edge, as 
indicated by the arrows shown in Fig. 13, are plotted 
against elapsed time for applied pressure of 25 MPa 
under open end condition. The equivalent stresses at 
internal free edge for the adopted joints obtained 
from the viscoelastic analysis are represented in Fig. 
13. It is clear that the equivalent stress sharply 
decreases at the beginning of applying pressure. Also, 
the viscoelastic behavior is clearly induced just after 
applying the internal pressure. Such case of 
viscoelastic behavior looks like relaxation case. The 
high values of the equivalent stresses at zero time 
represent the nonlinear elastic response only of the 
viscoelastic material, where there is no viscous 
response at zero time. This indicates that the severe 
values of these stresses induced just after applying 
the internal pressure. If such stress state is 
accompanied with a free edge crack it will be a 
dangerous viscoelastic case that may leads to 
premature failure. 

To determine the effect of the applied pressure on 
the equivalent stresses along the adhesive layer the 
considered joints were investigated under different 
pressures. For proper comparison the maximum value 
of the equivalent stresses along the adhesive layer, 
for each joint, were adopted. It was found that the 
maximum values of the equivalent stresses along the 
adhesive layer have linear variations with the applied 
pressures, for the considered joints under open and 
closed end conditions. Therefore, the maximum 
values of the equivalent stresses were normalized by 
the applied pressure. Figure 14 shows the variation of 
the maximum equivalent stress values on the 
adhesive layer normalized by the applied pressure, at 
zero time and 1x106 seconds, for the considered 
tubular joints under open end condition. Based on 
minimum value of the maximum equivalent stresses 
only it was found that joint 1, double scarf with 
external sleeve, is the optimum joint. This agrees 
with the results of Hassab-Allah, 2002.  

Figures 15 shows the variation of the maximum 
values of the equivalent stress along the adhesive 
layer normalized by the applied pressure, at zero time 
and 1x106 seconds, for the considered tubular joints 
under closed end condition. Based on minimum value 
of the maximum equivalent stresses only it was found 
that Joint-6, butt joint with external sleeve, is the 
optimum joint. 

Fig. 12 Different modes of failure in adhesively bonded tubular joints 
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To justify the previous identifications of the 
optimum joint, lifetime-investigations were carried 
out for the adopted (adhesively bonded tubular) 
joints, using lifetime analysis considered in section 2. 
Figures 16 and 17 show the variations of the 
minimum lifetime values on the adhesive layer versus 
the applied pressure, for 0.4 mm thickness of the 
adhesive layer under open and closed end conditions 
respectively. 

From Fig. 16 it is clear that joint 1, double scarf 
with external sleeve, is the optimum joint from the 
lifetime point of view for open end conditions. This 
agrees with the results of Hassab-Allah, 2002, and 
the results obtained from Fig. 14 based on equivalent 
stress evaluations. This may be attributed to the fact 
that in case of open end condition, due to the joint 

geometry, joint 2, 3 and 4 are subjected to peeling 
while joints 1, 5 and 6 have compressive stresses. In 
addition, joints 5 and 6 are subjected to direct sheer 
stresses. 

 

Also, from Fig. 17 it is clear that Joint-6, butt joint 
with external sleeve, is the optimum joint from the 
lifetime point of view for closed end conditions. This 
agrees with the results obtained from Fig. 15 based 
on equivalent stress evaluations. This is an expected 
result in case of closed end condition. Where, joints 
1, 5 and 6 are subjected to sheer stress component. 
But joint 6 have maximum area that can resist such 
sheer stresses. The agreement of the optimum joint 
obtained based on equivalent stresses and lifetime 
evaluations, Figs 14-17, may be attributed to the fact 
that during lifetime estimation the equivalent, 
hydrostatic and deviatoric stresses are considered.  

Fig. 13. Variations of the equivalent stresses versus time for 
the adopted six tubular joints at the internal free edge point 
(as indicated by arrows) for applied pressure of 25 MPa 
under open end condition 
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25 MPa 
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Fig. 15. Variation of the maximum values of the equivalent 
stress, on the adhesive layer normalized by the applied pressure 
at zero and 1x106 seconds, for the considered tubular joints 
under closed end condition at applied pressure of 25 MPa 

Fig. 16. Variation of the minimum lifetime versus the applied 
pressure for the considered tubular joints under open end condition 
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To investigate the effect of the adesive layer 
thichness on the joint lifetime, lifetime of the 
considered adhesively bonded tublar joints was 
investegated, for both open and closed end 
conditions. Different adhesive layer thickness, ta, that 
varies from 0.05 to 0.4 mm are considered, while the 
other parameters of the joints were kept constant. 
Figures 18 and 19 show the variations of the 
minimum values of lifetime on the adhesive layer 
versus adhesive layer thickness, ta, at applied 
pressure of 25 MPa.  From Fig. 18 it can be noticed 
that the joint lifetime, under open end condition, 
decreases with the increase of the adhesive layer 
thickness for joints 3, 5 and 6. For joints 1, 2 and 4 
lifetime increases with the increase of the adhesive 
layer thickness. From Fig. 19 it is clear that the joint 
lifetime, under closed end condition, increases with 
the increase of the adhesive layer thickness for joint 
6. While for joints 2, 3 and 5 lifetime decreases with 
the increase of the adhesive layer thickness. Also, the 
lifetime of joint 1 have not reasonable changes with 
the increase of the adhesive layer thickness. Based on 
maximum lifetime for open end condition, from Fig. 
18, it can be concluded that joint 1 is the optimum 
joint for adhesive layer thickness greater than 0.23 
mm, which is the practical values of the adhesive 
layer thickness. Where, joint 3 is the optimum joint 
for adhesive layer thickness less than 0.23 mm.  Also 
for closed end condition, from Fig. 19 it can be 
concluded that joint 6 is the optimum joint for 
adhesive layer thickness greater than 0.175 mm, 
which contains the practical values of the adhesive 
layer thickness. Where, joint 5 is the optimum joint 
for adhesive layer thickness less than 0.175 mm. This 
may be attributed to the fact that loading conditions 
of the adhesive layer are dependent on the joint 
geometry. Similar results were obtained for 
adhesively bonded corner joints by Apalak and 
Davies 1993. 

6. Conclusions 

From the current investigations of the viscoelastic  
adhesively bonded tubular  joint, the obtained results 
may be summarized as follows: 

• The viscoelastic behavior of the adhesive material 
is clearly present just after applying the internal 
pressure, which increase with the increase of the 
elapsed time till reach’s steady state value. Such 
case of viscoelastic behavior looks like relaxation. 

• The high values of the stresses induced in the 
adhesive layer at the beginning of load application 
represent a dangerous case, especially if such stress 
state is accompanied with edge cracks. 
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Fig. 18 Variations of the minimum lifetime versus adhesive layer 
thickness, ta, for the adopted joints at applied pressure of 25 MPa 
under open end condition 

Fig. 17. Variation of the minimum lifetime versus the applied 
pressure for the considered tubular joints under closed end condition 
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Fig. 19 Variations of the minimum lifetime versus adhesive layer 
thickness, ta, for the adopted joints at applied pressure of 25 MPa 
under closed end condition 

Adhesive layer thickness, ta mm 

M
in

im
um

 li
fe

tim
e,

 L
og

 (τ
), 

s 



23 Abouel-kasem, A., et al./ Journal of Engineering and Applied Sciences 1 (1) 13–23  

• Based on equivalent stresses and lifetime 
evaluations, for open end condition, double scarf 
with external sleeve and stepped adhesively 
bonded joints are the most appropriate joints. 

• For closed end condition butt joint with external 
sleeve and external recessed sleeve joint are the 
most appropriate joints.  
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Abstract 

Major disasters have highlighted the significance of automated dental identification systems. For example in the 9/11 attacks, 
many victims were identifiable only from pieces of their jaw bones. This is the main motivation for building the Automated 
Dental Identification System (ADIS). The archiving and retrieving processes of dental records from large databases is a 
challenging task and has received inadequate attention in the literature. This paper presents a new technique for retrieving dental 
records for ADIS. Our approach consists of two main stages. The first stage is the preprocessing stage of the dental records that 
includes segmentation and teeth labeling classification in order to obtain reliable appearance-based, low computational-cost 
features. In the second stage we propose a technique based on using the Orthogonal Locality Preserving projection algorithm to 
produce a candidate list. The experiment results show that the proposed approach provides fast and effective results to search and 
retrieve a list of candidates from the database compared to other approaches suggested in the literature. 
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1. Introduction 

The identification of the deceased individuals in 
major disasters is difficult. In such cases, most 
physiological biometrics as iris, fingerprint, and face 
may not be viable options for identification, because 
of the decay of the body soft tissues. The Dental 
features are one of the best candidates for 
postmortem biometric identification as shown in 
Fahmy et al., 2004: They resist early decay of body 
tissues, withstand severe conditions in mass disasters.  

The main objective of this paper is to present a 
new technique that reduces the time needed to 
retrieve the candidates list while maintaining 
accuracy. The process compares a subject dental 

image record (postmortem PM) with a set of 
reference dental image records (ant mortem AM that 
are stored into database. This candidate list must have 
a very high probability of containing the target 
record, and its size is very short compared to the 
original database size.  Architecturally, ADIS is 
composed of three main components: 
• Dental Record Preprocessing Component, where 

the digitized dental image is segmented into 
isolated teeth regions, and each tooth is classified 
into incisors, canines, premolars and molars. 

• The Potential Matches Search component manages 
archiving and retrieval of dental records and 
produces a candidate list. The most important 



25 Nourdin B. Alsherif et al / Journal of Engineering and Applied Sciences 1 (1) 24–29  

features for this search engine are fast 
performance, and optimum accuracy. 

• The Image Comparison component conducts teeth 
alignment and comparison between the subject 
and the corresponding teeth of each candidate, 
thus producing a short match list for a forensic 
expert to use. This component is computationally 
intensive Abaza et al., 2009. 

The retrieval of postmortem dental radiography 
was addressed by several researches. In Chen et al., 
2005, Chen and Jain present an automated method for 
matching dental radiographs. The matching is 
performed in three steps. First, a shape registration 
method is proposed to align and compute the distance 
between two teeth on the basis of tooth contours. In 
Zhou and Abdel-Mottaleb, 2005 present a content-
based archiving and retrieval system of dental 
images. It contains three major stages: dental image 
classification, bitewing image segmentation and 
retrieval based on teeth shapes using bidirectional 
Hausdorff distance. It extracts the contours of molars 
and premolars, which are then used to archive the 
images in an AM database. During retrieval, a PM 
bitewing image is segmented to extract teeth 
contours, which are used to find the most similar 
images in the AM database using Hausdorff distance 
measure. The methods above are based on contour 
alignment and matching to find the distance between 
two dental images. These methods are typically very 
slow although they can be very useful in the image 
registration stage. Both techniques use teeth contour 
features (shape based); the automatic extraction of 
teeth contour is computationally intensive and the 
output itself may not be precise as shown in Shah et 
al., 2006, and the performance is slow for a potential 
match search. Abaza et al., 2009 introduced a 
technique that is based on dimensionality reduction 
using principle component analysis (PCA) that 
initially each segmented tooth is compared to the 
corresponding reference tooth based on a EigenTeeth. 
By fusing multiple tooth matching scores, it 
calculated the similarity between the subject record 
and all the reference records in the database. Then 
retrieved records based on the minimum Euclidean 
distance.  

The aim of this paper is to present a new technique 
to search and retrieve the candidate list of the 
reference dental images from the database using the 
appearance features of the teeth (Laplacian Teeth). 
The proposed approach consists of two main stages. 
In the first stage, the preprocessing of the dental 
records (segmentation and teeth labeling) is 
performed in order to get a reliable appearance-
based, low computational-cost features. In the second 

stage, we used a technique based on Laplacian Teeth 
using Orthogonal Locality Preserving projection 
(OLPP) algorithm to produce candidate list. 

The paper is organized as follows. Section II 
provides a brief introduction of the preprocessing 
operation of dental images. The proposed technique 
based on Orthogonal Locality Preserving projection 
(OLPP) is described in Section III. In Section IV, the 
experimental results are presented. Finally, Section V 
concludes the paper and describes the future work. 

 
2. Teeth Preprocessing 

To design a fast search engine that retrieves dental 
record images by comparing a subject dental image 
record with a set of reference dental image recodes, it 
takes more than one factor in determining the 
selected teeth features. These factors include the 
computational complexity and reliability of these 
features in the matching process. Methods based on 
teeth contour take a relatively long time to extract the 
tooth contour as well as they are less accurate  (Shah 
et al., 2006). These reasons have led us to find an 
alternative method that depends on reliable 
appearance-based, low computational-cost features. 
To achieve this goal, we used the following 
preprocessing steps: 

 
2.1. Teeth Segmentation 

In this approach we used the teeth segmentation 
technique introduced in AlSherif et al., 2012, which 
starts with an iterative thresholding followed by an 
adaptive thresholding to binarize the teeth images. 
Then, we adapt the seam carving technique on the 
binary images, using both horizontal and vertical 
seams, to separate each individual tooth. 

 
2.2. View Normalization 

The view normalization and resizing step comes 
after the teeth segmentation stage, whose outcomes 
do not have standard view in terms of scale and 
rotation. The view normalization is an essential step 
to improve and overcome variations in orientation 
and scale. An input tooth is geometrically 
normalized. To perform geometric normalization of 
the segmented tooth, the most important step is to 
ensure that its lateral surface appears predominantly 
vertical Nassar et al., 2008.  

 
2.3. Teeth classification 

We tackled the classification problem using a two 
stage approach. The first stage utilizes low 
computational cost, appearance-based features for 
assigning an initial class. The second stage applies a 
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string matching technique Nassar et al., 2008, based 
on teeth neighborhood rules, to validate the initial 
class and hence assign a number corresponding to the 
tooth location in the dental chart. 

 
3. Proposed Approach 

Our proposed approach for retrieving dental 
radiographs for post-mortem identification is 
appearance based using Orthogonal Locality 
Preserving Projection algorithm (OLPP). It differs 
from Principal Component Analysis (PCA) and 
Linear Discriminant Analysis (LDA), which 
preserves the euclidean structure of tooth space 
Vasuhi and Vaidehi, 2009. PCA and LDA are the two 
most popular methods used for face recognition. 
Recently, a number of research efforts have shown 
that face images possibly lie on a non-linear sub-
manifold Kumar and Aravind, 2008. However PCA 
and LDA see only the global euclidean structure. 
They fail to discover the underlying structure if the 
face images lie on a non-linear sub-manifold. So the 
manifold structure needs to be modeled by preserving 
the local structure. Locality Preserving Projection 
(LPP) is a manifold learning technique which 
preserves the local structure. However, LPP is non-
orthogonal. The Orthogonal Locality Preserving 
Projections (OLPP) on the other hand produces 
orthogonal basis functions and can have more locality 
preserving power than LPP. 

The proposed technique consists of the two stages; 
section 3.1 presents an overview of the OLPP 
algorithm. In the second stage we used a technique 
based on Laplacian Teeth using OLPP algorithm in 
order to retrieve dental radiographs for post-mortem 
identification and produce a candidate list as 
described in section 3.2. 

 
3.1. OLPP Algorithm, Deng et al., 2006. 

To overcome the problem of singularity that is 
present if the number of the teeth images training set 
is much smaller than the dimension of the tooth 
image vector, we apply PCA to project the teeth into 
the sub-space without losing any information, so that 
the number of images in the training set will exceed 
the PCA coefficients of the image and it becomes 
nonsingular. In addition the PCA projected image is 
more robust to noise than the preprocessed one. In 
brief, the algorithm of OLPP to get LaplacianTeeth is 
started as follows: (i) PCA Projection: the training set 
of teeth images ti is projected into the PCA subspace 
by throwing away the components corresponding to 
zero eigenvalue. The transformation matrix of PCA is 

denoted by WPCA. The features are extracted with 
PCA projection are statistically uncorrelated. (ii) 
Constructing the adjacency graph: Let X=[t1,t2,...,tN] 
be a set of training set of teeth images. Let G denote a 
graph with N nodes where the ith node corresponds to 
the tooth image ti. If nodes ti and tj are connected then 
the (i, j) and (j, i) elements of the nearest-neighbor 
matrix get the values S!" = S!" = e!(| !!!!! |)!!/!t  
where t is a suitable constant. Otherwise they are 
zero. This is called the Heat kernel approach. The 
weight matrix S of graph G models the local structure 
of the teeth manifold.  

(iii) Computing the Orthogonal Basis Functions: 
We define D as a diagonal matrix whose entries are 
column (or row, since S is symmetric) sums of S, 

!D!! = S!"
!

 We also define L = D - S, which is 

called Laplacian matrix in spectral graph theory. Let 
{a1, a2, . . . , ak-1} be the orthogonal basis vectors, we 
define: Ak-1 = [a1, a2, . . . , ak-1] ,  Bk-1  =  [Ak-1]T  
(XDXT)-1  Ak-1. The orthogonal basis vectors {a1, a2, 
.. , ak-1} can be computed as follows: compute a1 as 
the eigenvector of (XDXT)-1 XLXT associated with 
the smallest eigenvalue. Compute ak as the 
Eigenvector of: 

M !

= {I − (XDT!)!!A !!! . B !!! ]!![A !!! ]! . (XDT!)!!!XLX! 

associated with the smallest eigenvalue of  M ! . 

(iv) OLPP Embedding: Let WOLPP = [a1, a2, . . . aL], 
the embedding is as follows: xWyx T=→  where   

OLPPPCAWWW = . Where y is a l-dimensional 
representation of the teeth image x, and W is the 
transformation matrix. (v) Matching Process: The 
Matching process computes similarity score between 
subject and the reference tooth images from a 
specific class (‘M’,’P’,’C’,’I’) based   on their 
projection in the laplacian space. 
 
3.2. LaplacianTeeth Construction 

Fig. 1 depicts a sample of exemplars from the 
teeth. To setup the image subspaces from training set 
for each of the four teeth classes, a data set of 
exemplars was prepared using the dental image 
database provided by the Missing and Unidentified 
Persons Unit of the Washington State Patrol CJIS 
Division, 2000. 100 Molars, 100 Premolars, 20 
Canines and 40 Incisors from records were 
segmented and preprocessed with total number of 
260 teeth. In selecting these teeth, we tried our best to 
avoid unintentional bias towards the datasets. So we 
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tried to select teeth evenly from upper and lower 
jaws, from the right and left sides of the mouth, and 
the teeth images of different intensity contrast. 
 

 

Fig 1. Sample of teeth used in constructing the image subspaces of 
the four teeth classes. (a) Molar. (b) Premolar. (c) Canine. (d) 

Incisor. 
 

As described in Section 3.1, we used the 
Orthogonal Locality Preserving Projections (OLPP) 
algorithm for establishing a LaplacianTeeth space for 
each of the four teeth classes from the data training 
set of teeth images. Figure 2 shows the image 
representations of the first 11 eigenvectors of each 
class which are namely the LaplacianMolar space, 
LaplacianPremolar space, LaplacianCanine space and 
the LaplacianIncisor space. The image on the upper 
left corner of each set represents the sample average. 
In some cases, the class of the input tooth may not be 
known. To accommodate this condition, we create a 
general set of eigenvectors based on exemplars taken 
from multiple classes. 

 

3.3. Using LaplacianTeeth for teeth matching 
The proposed approach for potential match search 

is illustrated in Figure 3. The subject tooth (ts) and 
the reference tooth (tr) which have to be matched, 
first undergoes view normalization to:  (i) adjust its 
dimension to comply with that of the LaplacianTeeth, 
and (ii) compensate for possible poor contrast. 
Second, the normalized subject and reference tooth 
input images are projected onto their corresponding 
LaplacianTeeth Space in order to get two vectors, one 
for the subject tooth and another for reference tooth. 
The two vectors (subject and reference) are used to 
measure the Least Square Error (LSE) which gives 
the score of matching between the subject and 
reference tooth. 

 

 

Fig 2. The LaplacianTeeth representation for the four classes of 
teeth. 

 

Fig 3. Block diagram of proposed method 

To move from level tooth-to-tooth level to record-
to-record matching level, two problems are 
encountered (as shown in Figure 4): 

1. The same tooth may have multiple representations 
in either the reference record or the subject record 
or even both. At the tooth-level fusion, we want to 
calculate the matching score between the different 
views of the same tooth tsi of a subject record (tS1, 
.., tS32) and the available views of reference tooth 
tRi of a reference record (tR1, .., tR32), such that we 
produce a single distance representing the 
matching score between the subject tooth tSi and 
reference tooth tRi, namely Di (tSi, tRi). We use min 
fusion rule for multiple teeth representation fusion. 
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Fig 4. A hierarchical fusion scheme 

 
2. Integrating the various teeth matching scores to 

have one matching score between the subject and 
reference records. With N teeth in common 
between the dental charts of a subject record and a 
reference record, we obtain N (N ≤ 32) tooth-to-
tooth matching scores. At the record-level, we are 
looking for an integration scheme for combining 
these N {D

i
(tSi, tRi), i = 1, .., N} into a single record-

to-record matching score D(S, R). We studied two 
alternative rules for fusing the match scores, 
namely the mean and min rules. We found the 
mean rule yields better performance. 

4. Experimental Results 

To select the optimal normalized teeth image size, 
we found that moving from image size 16x16 to 
32x32 enhances the matching performance. Moving 
to 64x64 and 128x128 didn’t enhance the matching 
performance any more, while it takes more 
processing time. The tooth image size of 32x32 
yields the best performance compared with 64x64 
and 128x128 image sizes. 

To test the proposed approach for dental image 
retrieval, a test set was prepared using the FBI’s 
Criminal Justice Service (CJIC) ADIS database CJIS 
Division, 2002, which includes dental radiographs of 
ante-mortem (AM) and postmortem (PM). We used 
104 records (about 500 bitewing and periapical films) 
involving more than 2000 teeth. There were 47 
Antemortem (AM) records and 57 Postmortem (PM) 
records with 20 matched records. 

 

 

Fig 5.  Matching performance comparison between the proposed 
method and the EigenTeeth based method. 

Fig. 5 shows the results of the experiment, the 
proposed technique correctly retrieved the dental 
record 65% in the 5 top ranks while the other method 
based on the EigenTeeth remains at 60% [2]. It also 
shows the difference in accuracy even with the 
increase in size of the first position of the ranked list; 
our approach remains ahead in precision to the 
method based on EigenTeeth 

Table 1 shows the computational time required for 
the comparison between the proposed algorithm, and 
the one based on EigenTeeth [2], where both 
algorithms were implemented in MATLAB platform 
under the same settings.  The average time in 
proposed approach to match record to record 
comparison takes less than 0.17 seconds and the 
average time to retrieve the best matched AM 
reference dental record for given PM query dental 
record is about 0.17n seconds, where n is the number 
of records in the database. On the other hand, method 
based on EigenTeeth takes less than 0.09n. Both 
approaches have linear complexity where our 
approach is capable of achieving better performance 
than the method based on EigenTeeth in terms of hit 
rate. 

Table 1. Computational time comparison between the proposed 
method (LaplacianTeeth) and the PCA based approach 

(EigenTeeth) 
An example of a column 
heading 

EigenTeeth LaplacianTeeth 

Average Record to 
Record 0.09 sec 0.17 sec 

Average record retrieval 
of database of size 47 
dental records (AM) 

4.23 sec 7.99 sec 
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1. Introduction 

A heat transfer from a moving surface with 
exponential internal heat generation is of interest in 
polymer extrusion processes. Two types of classical 
forced convection problems have been studied 
extensively in the literature of boundary layer in 
fluid, fluid with less friction Blasius problems 1908. 
steady flow over a stationary flat plate Liu et. al 
1987; and the Sakiadis problem 1961 of the plate 
moving continuously in a quiescent ambient fluid. 
However, in many practical engineering systems, 
both the plane surface and the ambient fluid are 
moving in parallel Tsou 1967. The problem of flow 
and heat transfer of plane surfaces moving in parallel 
and in the opposite direction to the free stream has 
been investigated by Lin and Huang 1994. These 
studies were concerned with the dynamics of 
Newtonian fluids without heat generation.  

A new stage in the evolution of fluid dynamic theory 
is in progress because of the increasing importance, 

in the processing industries and elsewhere, of 
materials whose flow behavior in shear cannot be 
characterized by Newtonian relationships. Eringen 
1966 formulated the theory can be used to explain the 
flow of colloidal fluid, liquid crystals, animal blood, 
etc, Eringen 1972 extended the micro-polar fluid 
theory and developed the theory of thermo-micro-
polar fluids. Gorla 1980 studied the thermal boundary 
layer of a micro-polar fluid at stagnation point using 
Eringen’s theory of micro-polar fluids 1972. Jena and 
Mathur 1981 obtained a similarity solution for 
laminar free-convective flow of a thermomicropolar 
fluid along a vertical plate. Rees and Basson 1996 
studied the Blasius boundary layer flow of a 
micropolar fluid. Mansour and Gorla 1999 studied 
micropolar fluid past a continuously moving plate in  
the presence of magnetic field. Effect of suction-
injection on the flow of a micropolar fluid past a 
continuously moving plate in presence of radiation 
studied by El-Arabawy 2003. Similarity solutions of 
natural convection with internal heat generation 
studied by Crepeau and Clarksean 1997. El-Hakiem 
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and Gorla 1999 studied natural convection in a 
micropolar fluid with internal heat generation. El-
Hakiem et.al 2000 studied natural convection from 
combined thermal and mass diffusion buoyancy 
boundary effects in micropolar fluids. 

Natural convection in a micropolar fluid with thermal 
dispersion and internal heat generation investigate by 
El-hakiem 2004. M. Rahman, et al. 2006 studied 
MHD convective flow of a micropolar fluid past a 
continuously moving vertical porous plate in 
presence of heat generation. El-Hakiem et al. 2007 
studied combined heat and mass transfer on non-
Darcy natural convection in a fluid saturated porous 
medium with themophoresis. Makinde 2011, find 
similarity solution for natural convection from a 
moving vertical plate with internal heat generation 
and convective boundary condition.       

We present here a similarity analysis for the forced 
convection problem of a surface moving 
continuously in a flowing stream of a micropolar 
fluid with heat generation. We study not only the 
case of a plane surface moving in parallel with the 
free stream but also the case of a surface moving 
opposite direction. Numerical results are presented 
for any velocity ratio of the surface to the free steam 
and range of values of material parameters of the 
fluid and internal heat generation are considered. 

2. BASIC EQUATIONS 

Consider a plane surface moving at a constant 
velocity wu  in parallel or in the opposite direction to 
a free stream of a micropolar fluid of uniform 
velocity ∞u . Either the surface velocity or the free-
stream velocity may be zero but not both at the same 
time. The physical properties of the fluid are assumed 
to be constant. The governing equations of the 
steady, laminar bounder-layer flow on the moving 
surface under these conditions are:  

Mass equation:     
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Angular momentum equation:          
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Energy equation: 
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where u  and v  are velocity components associated 
with x  and y  the directions measured along and 

normal to the vertical plate, respectively; N  the 
angular velocity; K  the vortex viscosity; γ  the spin 
gradient viscosity; j  the micro-inertia per unit mass; 
ρ  the density of the fluid; ν  the kinematic 
coefficient of viscosity; the internal volumetric heat 
generation ( 

ηα −∞∞ −+
= e

x
)TT)(Re(Re

A 2
ww ) and Pr  the 

Prandtl number. 

The boundary conditions of this system are:         
,0=y ,wuu ±= ,0=v ,0=N ,wTT =  

:∞→y ,∞= uu ,0=N ∞= TT .      (5) 

the boundary condition wuu +=  in (5) represents 
the case of a plane surface moving in parallel to the 
free stream, while wuu −= reorients the case of a 
surface moving in the opposite direction. To analyze 
the effect of both the moving surface and the free 
stream on the boundary-layer flow, we propose a new 
similarity coordinate and a dimensionless stream 
function 
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which are the combinations of the traditional ones   
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for the Blasius problem; and 
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for the Sakiadis problem, where the Reynolds  

number are:
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A velocity ratio parameter 1γ  is defined as: 
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Note that for the Blasius problem, 0=wu  therefore 

.01 =γ  On the other hand, for the Sakiadis 

problem, ,0=∞u  and thus .11 =γ We define a 
dimensionless angular velocity and temperature 
functions as 
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Under the present transformation variables defined in 
(6)-(11), the governing transformed equations may be 
written as 
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where ( 1* =c  with heat generation and 0* =c  
without heat generation). 

     Since the momentum equation (2) is nonlinear, a 
simple change of coordinates from a rest trams to a 
moving frame cannot yield a correct solution to the 
problem under consideration. The proposed similarity 
transformation is different from the previous analyses 
in the following ways: 

 The stationary plate problem (Blasius problem) and 
moving plate problem (Sakiadis problem) may be 
obtained as special cases of the transformation given 
in this paper by setting 011 =−γ  and 1, 
respectively. The transformation given in this paper 
has never been applied before to study micropolar 
fluid boundary layers. The boundary conditions are 
given by: 

0)0( =f , 1)0( γ±="f ,  0)0( =g , 1)0( =θ ,
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In these equations, a prime denotes differentiation 
with respect to η . We define: 

νρ
Δ

K
= ,   

νρ
γ

λ
j

= ,   
2

w

2

)Re(Rej
x

B
∞+

=  

and
2

ww*

x
)TT)(Re(Re

c ∞∞ −+
=          (16) 

The wall shear stress is related to )0(f !!  by the 
relation 
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To express the wall shear stress non-dimensionally, 
we define two types of the local friction coefficients  

as: 
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A combination of (16) and (17) gives
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The wall couple stress is related to )0(g !  by the 
relation         
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The local Nusselt number, 
k
hx

Nu = , can be 

obtained from the numerical results by the relation  
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3. Results and Discussion 

The resulting ordinary differential Eqs. (12)-(14) with 
corresponding boundary conditions (15) are solved 
by numerical integration using the fourth-order 
Runge-Kutta method and Newton Raphson technique 
by giving proper guess values for )0(f !! , )0(θ "  
and )0(g ! . The present results are accurate upto 
sixth decimal place. Numerical computations are 
carried out on computer for 7.0Pr = , 1.0=B  
and 5.0=λ , where Δ , 1γ  were varied over a 
range. The accuracy of the numerical results has been 
verified by comparing the present data for a 
Newtonian fluid and without heat generation ( 0=Δ
, 0* =c ) with those Lin and Huang [5].      

Tables 1 and 2 contains  a summary of numerical 
results. Table 1 shows the surface values of velocity 
gradients, temperature gradients and the micro-
rotation components that are proportional to the 
friction factor, Nusselt number, and wall couple 
stress, respectively, for the case of a plane surface 
moving in parallel to the free stream with 0* =c  
and 1* =c  (without and with heat generation). 
Table 2 represents the case of a surface moving in the 
opposite direction for (without and with heat 
generation). These Tables illustrate the effects of the 
velocity ratio 1γ  and micro-polar parameter Δ  on 
the friction factor, Nusselt number, and wall couple 

stress for without and with heat generation ( 0* =c  
and 1* =c ) respectively.    

4. Results presented in Tables 1 and 2 indicate that 
micropolar fluids display drag and heat transfer rate 
reduction characteristics for 0* =c and 1* =c . No 
effect of heat generation on velocity, angular 
velocity, friction factor and wall couple stress.The 
significance of the present work lies in its application 
in heat transfer augmentation or reduction processes. 
Tables 1, 2 shows that the heat transfer rate in the 
case of moving plate is higher than in the case of a 
stationary plate. In a micropolar fluid applications 
involving either parallel flow or reverse flow cases, 
one can choose the proper speed of the plate ( 1γ  to 
obtain an appropriate augmentation and (or) 
reduction in heat transfer rate.) with 0* =c  and 

1* =c . The results from Tables 1, 2 indicate that 
when 5=Δ and 5.01 <γ , heat transfer rate is 
reduced when compared with Newtonian fluids (

0=Δ ). For the same value of Δ , when 5.01 >γ , 
the heat transfer rate increases when compared with 

0=Δ  and 0* =c , and 1* =c  

Figures 1-3 display the results for the variation of 
the boundary layer profiles for the velocity, 
temperature and angular velocity for the case of 
parallel moving surface. From these figures we 
observe that the temperature distribution becomes 
more uniform as the velocity ratio decreases for 
without and with heat generation. The angular 
velocity changes sign from negative to positive as the 
velocity ratio increases. amplitude of the angular 
velocity enhancis with the velocity ratio. We have 
used the velocity, the ratio 1γ  and micro-polar 
parameter Δ  to be prescribable parameters. The 
momentum boundary layer increases with 1γ  and 

0* =c (without heat generation). The temperature 
becomes more uniform as 1γ  increases with 0* =c
and 1* =c . 
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Table 1. Variation of )0(f !! , )0(θ "  and )0(g !  for the 
plane surface movingparallel to the free stream 

0* =c  1c* =  

Δ  1γ  )0(f !!  )0(θ "−  )0(g !  )0(θ "  

0.0 0.0 

0.1 

0.3 

0.5 

0.7 

0.9 

1.0 

0.33206 

0.27828 

0.15017 

0.00000 

-0.16772 

-0.34944 

-0.44326 

0.29271 

0.30317 

0.32052 

0.33405 

0.34433 

0.35158 

0.35412 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.31081 

0.30226 

0.29049 

0.28479 

0.28351 

0.28101 

0.27813 

0.5 0.0 

0.1 

0.3 

0.5 

0.7 

0.9 

1.0 

0.26176 

0.22029 

0.11958 

0.00000 

-0.13456 

-0.28130 

-0.35855 

0.27690 

0.29039 

0.31392 

0.33405 

0.35163 

0.36711 

0.37417 

-0.06390 

-0.05291 

-0.02783 

0.000000 

0.02959 

0.06029 

0.07587 

0.33391 

0.32104 

0.30033 

0.28479 

0.27346 

0.26592 

0.26352 

1.5 0.0 

0.1 

0.3 

0.5 

0.7 

0.9 

1.0 

0.18599 

0.15760 

0.08644 

0.00000 

-0.09870 

-0.20764 

-0.26548 

0.26005 

0.27700 

0.30720 

0.33405 

0.35863 

0.38154 

0.39249 

-0.10025 

-0.08617 

-0.04809 

0.000000 

0.05551 

0.11661 

0.14881 

0.35862 

0.34078 

0.31038 

0.28479 

0.26261 

0.24308 

0.23418 

5.0 0.0 

0.1 

0.3 

0.5 

0.7 

0.9 

1.0 

0.11266 

0.09496 

0.05179 

0.00000 

-0.05901 

-0.12429 

-0.15905 

0.23747 

0.25896 

0.29827 

0.33405 

0.36733 

0.39873 

0.41386 

-0.11379 

-0.09937 

-0.05757 

0.000000 

0.07177 

0.15636 

0.20307 

0.39280 

0.36820 

0.32408 

0.28479 

0.24886 

0.21544 

0.19948 

 

Table 2. Variation of )0(f !! , )0(θ "  and )0(g !  for 

various values of Δ , 1γ  with 0* =c  and 1* =c  

0* =c  1c* =  

Δ  1γ  )0(f !!  )0(θ "−  )0(g !−  )0(θ "  

0.0 0.0 

0.05 

0.1 

0.15 

0.2 

0.25 

0.26 

0.33206 

0.30600 

0.27705 

0.24392 

0.20349 

0.14477 

0.11735 

0.29271 

0.27160 

0.24811 

0.22175 

0.18925 

0.14286 

0.11669 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.31081 

0.33906 

0.37064 

0.40714 

0.45209 

0.51835 

0.56131 

0.5 0.0 

0.05 

0.1 

0.15 

0.2 

0.25 

0.26 

0.26176 

0.24002 

0.21590 

0.18833 

0.15516 

0.11129 

0.09768 

0.27690 

0.25512 

0.23097 

0.20340 

0.17020 

0.12560 

0.09957 

0.06390 

0.06012 

0.05536 

0.04912 

0.04041 

0.02680 

0.01859 

0.33391 

0.36330 

0.39622 

0.43426 

0.48078 

0.54459 

0.59573 

1.5 0.0 

0.05 

0.1 

0.15 

0.2 

0.25 

0.26 

0.18599 

0.17014 

0.15295 

0.13401 

0.11281 

0.08972 

0.07531 

0.26005 

0.23764 

0.21292 

0.18508 

0.15302 

0.11625 

0.09859 

0.10025 

0.09017 

0.07900 

0.0655 

0.04809 

0.03829 

0.02998 

0.35862 

0.38909 

0.42305 

0.46168 

0.50668 

0.55870 

0.60085 

5.0 0.0 

0.05 

0.1 

0.15 

0.2 

0.25 

0.26 

0.11266 

0.10551 

0.09815 

0.09065 

0.08313 

0.07585 

0.07093 

0.23747 

0.21530 

0.19168 

0.16661 

0.14040 

0.11388 

0.09585 

0.11379 

0.10342 

0.09321 

0.08329 

0.07386 

0.06520 

0.05827 

0.39280 

0.42310 

0.45554 

0.49005 

0.52608 

0.56225 

0.61533 
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Fig. 1. Velocity profiles for parallel moving surface, and various 

Δ , 1γ  with ( 0c* = ) 

 

Fig. 2. Temperature profiles for parallel moving surface, and 

various Δ , 1γ  with 0.1,0.0c( * = ). 

 

Fig. 3. Microrotation profiles for parallel moving surface, and 

variousΔ , 1γ  with ( 0c* = ). 

 

 

 

Concluding Remarks: 

Similarity solutions have been developed to 
analyzed the effect of an exponential form for the 
heat generation for the problem of a continuous 
moving surface in a micropolar flowing fluid by 
introducing novel transformation variable and 
parameters of velocity ratio. For the case of a plane 
surface moving in parallel to a free stream, very 
accurate similarity solutions are obtained for 
predicting the wall friction, heat transfer, and wall 
couple stress rate for any ratio of surface velocity and 
free stream velocity over the range of 50 ≤≤ Δ . 
The case of a surface moving in the reverse direction 
of the free stream has also been analyzed. Velocity, 
angular velocity and temperature profiles have been 
presented to show the effects of micro-polar 
parameterΔ  and the relative motion of the plane 
surface the stream (with and without heat 
generation). 

Nomenclature 

A =a constant in equation (4)  

f = non-dimensional stream function     

g = non-dimensional micro-rotation 

h = local heat transfer coefficient 
j =  microinertia per unit mass 

K   = vortex viscosity  

k = thermal conductivity of fluid  

wM = local couple stress 

N  = angular velocity 

Nu = local Nusselt number 

Pr  = Prandtl number 
T   = temperature 
u   = vertical velocity component 
v = horizontal velocity component         
x = vertical coordinate 
y = horizontal coordinate 

γ = spin gradient viscosity 

1γ  = velocity ratio 

λ,Δ = dimensionless material properties  

θ  = temperature excess ratio 
µ  = dynamic viscosity 

ν = kinematic viscosity  

ρ = density            

wτ = shear stress  

ψ  = stream function 
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Superscripts 

′   Differentiation with respect to η  

Subscripts 

w Refers to conditions at the wall  

∞ Refers to conditions far away from the wall 
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1. Introduction 

Fourth order linear BVP has been solved by 
various numerical methods. Shahid S. Siddiqi et al. 
[9] have used non polynomial spline to solve fourth-
order boundary value problems. Siraj-ul-Islam et al. 
developed a technique based on quartic non-
polynomial spline functions for approximations to the 
solution of a system of fourth-order. Riaz A. Usmani 
developed the method of the solution for fourth-order 
boundary value problem, considering it to be the 
problem of bending a rectangular clamped beam of 
length   resting on an elastic foundation.  

The aim of this paper is to present 
ultraspherical spectral integration matrices depends 
on using ultraspherical polynomials for solving beam 
bending boundary value problem.   

 

The organization of this paper is as follows: 
In section 2, we introduce ultraspherical polynomials 
and some of its properties. In section 3, we presented 
the procedure of the steps of ultraspherical spectral 
integration method. In section 4, we introduce a 
Description of the used method. In section 5, we 
present numerical results demonstrating the accuracy 
of our methods for some example of beam bending 
boundary value problem. Section 6, contains the 
conclusion of this paper. 

2. Ultraspherical Polynomials and Some 
Properties: 

 
The ultraspherical or Gegenbauer 

polynomials with the real parameter (! > −!/!
, 0α ≠ ), are a sequence of polynomials ( ) ( )jC xα , 

0,1,2,...j = . In the finite domain [ 1,1]x∈ − , each 
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degree j  satisfies the orthogonality relation 
respectively as follows: 

 
1 12 ( ) ( )2

( )
1 ,

0, ,
(1 ) ( ) ( )

,j k

j

j k
x C x C x dx

j k

α α α

αψ

−

−

≠
− =∫

=

&
'
(

(2.1) 

Here the normalization constant ( )
j
αψ  is defined 

as Szegö: 

{ }
( ) 1 2

2
( 2 )2 , 0

( ) ( ) ( 1)j

j
j j

α α α
ψ π α

α α
− Γ +

= ≠
+ Γ Γ +

 (2.2)  

The polynomials may be generated by the 
Rodrigue’s formula given as Bell: 

2[ ]
( ) 2

0

( )
( ) ( 1) (2 )

( ) ( !)( 2 )!

j

j
r j r

r

j r
C x x

r j r
α α

α
−

=

Γ − +
= −

Γ −
∑  (2.3)  

where [ / 2]j refers to the integer part of the 
fraction. 

The general expressions for ultraspherical 
polynomials can be put in the following way: 

 
2[ ]

( ) 2

0
( ) ( )

j

j r
j j r

r

C x G xα α −

=

= ∑ ,               (2.4) 

where 

22 ( )
( ) ( 1)

( ) ( !)( 2 )!r

j r
j r j r

G
r j r

α
α

α

− Γ − +
= −

Γ −
.      (2.5) 

A relation between the coefficients +1( )r
jG α  and 

( )r
jG α  is given by  

+1
( 2 1)( 2 2)

( ) ( )
4( 1)( 1)

j j
r rG G

j r j r
r j rα

α α= −
− − − −

+ + − −
  (2.6)                   

In particular, we have the special values 

0
0 ( ) 1G α = ,       0

( )
( ) 2

( ) ( 1)
j j j

G
j
α

α
α

Γ +
=

Γ Γ +
  . 

The fundamental recurrent formulae for 
ultraspherical polynomials are defined as  

( )

( ) ( )
1

-1

( 1) ( ) 2( ) ( )

(2 1) ( )
jj

j

j C x j xC x

j C xα

α αα

α

++ = +

− + −
,     (2.7) 

with the first two being: ( )
0 ( ) 1C xλ = ,    

( )
1 ( ) 2C x xλ λ= . 

Theorem (2.1): 

 The m-th integral of the ultraspherical 
polynomials (2.4) is expressed in terms of 
ultraspherical polynomials as follows: 

1 1

0 0 1 1
1 1 1

( ) ( )( )( ) ... ( ) ...
mt tx

m j j mI C x C t dt dt dtα α
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− − −

= ∫ ∫ ∫              
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where  

          ( )
,

1

1
;

( 2 )

m
m
r j

l j r l
γ

=

=
− +

∏    

  
2

( ) 2 2
[ ]

( )
,

0
( ) ( 1) ( )

j
m j r
j

m j
r j r

r
Gα γ α− +

=

Ε = −∑ , 1m ≥ . 

Proof: see M. A. Ibrahim  

We used an approximation of any continuous 
function ( )f x and an approximation of their 
integrals by interpolating the function with 
ultraspherical polynomials at two sets of nodes: 

• The set of  equally spaced  points: 

           1
2

{ 1 , 0,1,.., }i
i

N
S x i N= = − + = . 

• The set of zeros points of  the ultraspherical  
polynomials:  

 { }( )
2 1: ( ) 0, 0,1,..,i N iS x C x i Nα

+= = = . 

Theorem (2.2): 

 If ( )Nf x  is the ultraspherical approximation to a 
function ( )f x  in finite expansion, i.e. 

     ( )

0
( ) ( )N

N

j j
j

f x a C xα

=

=∑ ,                      (2.9) 
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then 

( )
1

1( ) 2 ( )

1

1
2(1 ) ( ) ( )j j ja x C x f x dxα αα

ψ
−

−

−
= −∫ (2.10) 

Proof: See El-Hawary et al. 

3.  Ultraspherical Integration Matrices 

Many authors presented spectral integration 
matrices proven successful in the numerical 
approximation of many types of differential 
equations such as. Elbarbary presented spectral 
successive integration matrix where it can be used to 
construct a Chebyshev expansion method for the 
solution of boundary value problems. We 
approximate the integral of a function ( )f x  by 
interpolating the function with ultraspherical 
polynomials at the points 1S  and 2S . 

 Theorem (3.2):  

If ( )f x is approximated by ultraspherical 
polynomials, then the m-th integral of ( )f t  is 
approximated by ultraspherical expansion in the 
form: 

1 1

( )
0 0 1 1

1 1 1
,

0
... ( ) ... ( ) ( )

i mx t t
m

m

N

i k k
k

f t dt dt dt q f xα
−

−

− − − =

=∑∫ ∫ ∫ (2.11) 

where the entries of m-th ultraspherical integration 
matrices ( )

, ( )
m
i kq α , , 0,1,...,i k N= are given as 

follows: 
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Case 2: 2x S∈  
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 Proof: See M. A. Ibrahim  
 

4. Description of the method 

We consider a general fourth order boundary 
value problem given by 

 (4) ( ) ( ) ( ) ( ) , [ , ],y x f x h y g x x a b+ = ∈  (4.1) 

 
Subject to the boundary conditions: 

0 0

(1) (1)
1 1

( ) , ( ) ,

( ) , ( ) .

y a y b

y a y b

ν β

ν β

= =

= =
 

Where 0ν , 1ν , 0β  and 1β  are finite real constants, 

and ( ), ( )f x h y  and ( )g x  are continuous 

functions on the interval[ ],a b . 

By applying ultraspherical integration 
method (2.11), the highest derivative of y(x) can be 
written as 

(4) ( ) ( )y x x=Φ .                         (4.2) 

The low-order derivatives ( )k k
iy x x∂ ∂ , 

0,1, 2,k =  0,1,...,i N= are generated through 
integration of equation as follows 

(3)
1( ) ( ) 

ix

i
a

y x x dx c= Φ +∫         (4.3) 

(2)
1 2( ) ( ) ( )

i ix x

i i
a a

y x x dxdx x a c c= Φ + − +∫ ∫
     

(4.4) 

(1)

2
1 2 3

( ) ( )

1 ( ) ( )
2

i i ix x x

i
a a a

i i

x x dxdxdxy

x a c x a c c

= Φ∫ ∫ ∫

+ − + − +

    (4.5) 

 



40 M. El-Kady et al/ Journal of Engineering and Applied Sciences 1 (1) 37–43 

 

3
1

2
2 3 4

1
( ) ( ) ( )

6
1          ( )  ( )   
2

i i i ix x x x

i i
a a a a

i i

y x dxdxdxdx x a cx

x a c x a c c

= Φ + −∫ ∫ ∫ ∫

+ − + − +

    (4.6) 

The successive integration of equations (4.2) to (4.6) 
is approximated by ultraspherical integration method 
as follows: 

  ( )3 (1)
,, 1

0
( ) ( ) ( )

N

i i j j
j

y x q x cα
=

= Φ +∑                                

(2) (2)
, 1 2

0
( ) ( ) ( ) ( ) ,

N

i i j j i
j

y x q x x a c cα
=

= Φ + − +∑                                    

(1) (3) 2
, 1

0

1 2 3

1( ) ( ) ( ) ( )
2

( ) ,

N

i i j j i
j

x q x x a cy

x a c c

α
=

= Φ + −∑

+ − +

4

(4) 3
, 1

0

2
2 3

1( ) ( ) ( ) ( )
6

1 ( ) ( ) .
2

N

i i j j i
j

i i

y x q x x a c

x a c x a c c

α
=

= Φ + −∑

+ − + − +

  

Then we can determine the approximation solution 
( )iy x  by determining the coefficients ,ic
1, 2,3, 4i =  from the boundary conditions of the 

problem of fourth order boundary value problem. 

 By Substituting the approximation solution in 
equation of the problem of fourth boundary value 
problem (4.1) and then we obtain the unconstrained 
optimization problem, which can be written as 

Minimize  

  ( ),α= ΦF F                                    (4.7)                                                  

Where      

             [ ]0 1( ), ( ),..., ( )Nx x x= Φ Φ ΦΦ .   

The unconstrained optimization problem (4.7) can be 
solved using partial quadratic interpolation method 
(El-Gindy). 

5. Numerical examples 

 In this section, we will use ultraspherical 
integration method to get an approximate solution in 
solving the beam bending boundary value problems, 
the clamped-clamped beam which belongs to the 
general class of the boundary value problems in the 
form: 

(4)

(1) (1)

( ) ( ) ( ) ( ) , [0,1],

(0) (1) (0) (1) 0.

y x f x p y g x x

y y y y

+ = ∈

= = = =
 

Example 5.1 

Consider the following boundary value 
problem which describes the model of the bending of 
a thin beam clamped at both ends: 

(4) 4 3 2( 14 49 32 12) ,
[0,1]

xy x x x x e

x

= + + + −

∈
   (5.1)       

Subject to the boundary condition 

(1) (1)(0) (1) 0,  (0) (1) 0.y y y y= = = =   (5.2) 

The analytic solution of the above system solution 
is:  

   2 2( ) (1 ) xy x x x e= −  

We apply ultraspherical integration method (2.11) 
the highest derivative of y can be written as 

(4) ( ) ( )y x x=Φ .                    (5.3) 

The low-order derivatives ( )k k
iy x x∂ ∂ ,

0,1, 2,3k = ; 0,1,...,i N= are generated through 
integration of equation (5.3) as follows 

   (3)
1

0
( ) ( )

x
y x x dx c= Φ +∫              (5.4)  

(2)
1 2

0 0
( ) ( )

x x
y x x dxdx xc c= Φ + +∫ ∫        (5.5)         

(1)

0 0 0

2
1 2 3

( ) ( )

1
2

x x x
y x x dxdxdx

x c xc c

= Φ∫ ∫ ∫

+ + +

                     (5.6)  

 0 0 0 0

3 2
1 2 3 4

( ) ( )

1 1
6 2

x x x x
y x x dxdxdxdx

x c x c xc c

= Φ∫ ∫ ∫ ∫

+ + + +

            (5.7) 

The constants , 1,2,3,4ic i = can be determined 
from the boundary conditions these constants are 
found to be 

 4 0c =                                          (5.8)    
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3 0c =                                                    (5.9) 

         
(4)

1 ,
0

(3)
,

0

12 ( ) ( )

6 ( ) ( )

N

N k k
k

N

N k k
k

c q x

q x

α

α

=

=

= Φ∑

− Φ∑

                     (5.10)                                                                                    

(4)
2 ,

0

(3)
,

0

 6 ( ) ( )

2 ( ) ( )

N

N k k
k

N

N k k
k

c q x

q x

α

α

=

=

= − Φ∑

+ Φ∑

               (5.11)  

         Substituting from equations (5.8) to (5.11) in 
equation (5.7) 

 

(4)
,

0

3 (4)
,

0

(3)
,

0

2 (4)
,

0

(3)
,

0

( ) ( ) ( )

1   (12 ( ) ( )
6

6 ( ) ( ))

1 ( 6 ( ) ( )
2

2 ( ) ( ))

N

i i k k
k

N

i N k k
k

N

N k k
k

N

i N k k
k

N

N k k
k

y x q x

x q x

q x

x q x

q x

α

α

α

α

α

=

=

=

=

=

= Φ∑

+ Φ∑

− Φ∑

+ − Φ∑

+ Φ∑

                 (5.12)         

Then by substituting ( )iy x  in the equation (5.1) 
and we can be written as: 

Minimize   

   ( ),α= ΦF F ,                             (5.13)                        

Where    

[ ]0 1( ) , ( ),..., ( )Nt t t= Φ Φ ΦΦ . 

It can be solved by using partial quadratic 
interpolation method (El-Gindy). 

The following table presents the maximum 
absolute error, obtained by using ultraspherical 
integration methods at the points given in 1S , 2S and 
Fig 5.1 mad a comparative between the approximate 
solution and the exact solution for N=10 In 2S . 

 

 

 

 

Table (5.1): The maximum absolute error by 
ultraspherical integration Methods at 1x S∈ , 

2x S∈ . 

N 
1x S∈  2x S∈

 

α  MAE α  MAE 

4 -0.22 3.94E-02 -0.49 1.93E-02 

6 0.49 8.24E-04 -0.25 2.80E-04 

8 -0.10 6.03E-06 0. 49 1.18E-06 

10 0.75 2.17E-08 0.12 2.57E-09 

12 0.49 2.09E-09 0.22 2.13E-09 

16 0.499 2.13E-09 -0.49 2.11E-09 

Table (5.2): Comparison between exact solution 
with the result in approximation solution to 
Ultraspherical integration method for N=10 in 1S . 

x  exact solution Ultraspherical 
integration method error 

0.1 0.00895188 0.00895191 2.17E-08 

0.2 0.03126791 0.03126793 1.78E-08 

0.3 0.05952877 0.05952879 1.81E-08 

0.4 0.08592910 0.08592912 1.70E-08 

0.5 0.10304508 0.10304510 1.64E-08 

0.6 0.10495404 0.10495406 1.53E-08 

0.7 0.08880649 0.08880651 1.46E-08 

0.8 0.05697385 0.05697386 1.30E-08 

0.9 0.01992279 0.01992280 1.52E-08 
 

 

Fig 5.1: the approximate solution and the exact 
solution for N=10 In 2S . 
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Example 5.2 

Consider the following nonlinear fourth-order 
B.V.Ps: 

( )
2 2

(4) 2
2 2 6

72 1 5 5 ,
1 1 ( )
[0,1]

x x
y x x

y x x

x

+ = − − + +
+ + −

∈

 (5.14)                                                                                         

Subject to the boundary conditions: 

(1) (1)

(0) 0, (1) 0,

(0) 0, (1) 0.

y y

y y

= =

= =
 

This has the analytic solution given by:  

      3 3( ) (1 ) .y x x x= −  

We apply ultraspherical integration method 
(2.11), the highest derivative of y can be written as 

(4) ( ) ( )y x x=Φ .                             (5.15)   

The low-order derivatives ( )k k
iy x x∂ ∂ ,

0,1,2,k = 0,1,...,i N= are generated through 
integration of equation (5.15) as follows 

0

(3)
1( ) ( )

x
y x x dx c= Φ +∫                   (5.16)                              

(2)
1 2

0 0
( ) ( )

x x
y x x dxdx xc c= Φ + +∫ ∫    (5.17) 

(1)

0 0 0

2
1 2 3

( ) ( )

1
2

x x x

y x x dxdxdx

x c xc c

= Φ∫ ∫ ∫

+ + +

                   (5.18)                     

0 0 0 0

3 2
1 2 3 4

( ) ( )

1 1
         

6 2

x x x x

y x x dxdxdxdx

x c x c xc c

= Φ∫ ∫ ∫ ∫

+ + + +

      (5.19)      

The constants , 1,2,3,4ic i = can be determined 
from the boundary conditions these constants are 
found to be 

 4 0c =                               (5.20)  

                     3 0c =                               (5.21)   
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0

(3)
,

0

12 ( ) ( )

6 ( ) ( )
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N k k
k

N

N k k
k

c q x

q x
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=

=

= Φ∑

− Φ∑

                (5.22)  

                 

(3)
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0

(4)
,

0

2 ( ) ( )

6 ( ) ( )

N

N k k
k

N

N k k
k

c q x

q x

α

α

=

=

= Φ∑
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           (5.23)            

Substituting from equations (5.20) to (5.23) in 
equation (5.19), we get 
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0

3 (4)
,

0

(3)
,

0

2 (3)
,

0

(4)
,

0

( ) ( ) ( )

1     (12 ( ) ( )
6

6 ( ) ( ))

1  (2 ( ) ( )
2

6 ( ) ( ))

N

i i k k
k

N

i N k k
k

N

N k k
k

N

i N k k
k

N

N k k
k

y x q x

x q x

q x

x q x

q x

α

α

α

α

α

=

=

=

=

=

= Φ∑

+ Φ∑

− Φ∑

+ Φ∑

− Φ∑

            (5.24) 

Then by substituting ( )iy x  in the equation (5.14)) 
and we can be written as:  

Minimize   

             ( ),α= ΦF F ,                           (5.25)  

Where  

[ ]0 1( ) , ( ),..., ( )Nt t t= Φ Φ ΦΦ . 

It solved by using partial quadratic interpolation 
method (El-Gindy). 

The following table presents the maximum 
absolute error, obtained by using ultraspherical 
integration method at the points given in 1S , 2S and 
Fig (5.2) mad a comparative between the 
approximate solution and the exact solution for N=10 
In 2S .  
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Table (5.3): The maximum absolute error by 
ultraspherical integration methods at 1x S∈ , 

2x S∈ . 

N 
1x S∈  2x S∈

 

α  MAE α  MAE 

4 0.13 3.30E-02 -0.33 1.66E-02 

6 -0.11 1.36E-08 -0.37 1.31E-08 

8 -0.35 1.35E-08 -0.11 1.21E-08 

10 1.30 1.34E-08 0.49 1.35E-08 

12 0.59 1.36E-08 -0.21 1.22E-08 

16 0.49 1.35E-08 -0.22 1.35E-08 

 

Table (5.4): Comparison between exact solution 
with the result in approximation solution to 
Ultraspherical integration method for N=10 in 1S . 

6. Conclusion 

In this study, ultraspherical integration method has 
been applied to obtain the numerical solutions for 
solving beam bending boundary value problem, at the 
set of equally spaced points or the set of zeros points. 
The numerical results demonstrated the efficiency 
and accuracy of the proposed scheme of the method. 
The numerical results obtained by the proposed 
method are in a good agreement with the exact 
solutions available in the literature. By considering 
that the accuracy of our method depends on specified 
value of the parameter ultrasphericalα . 

 

 
Fig 5.2: the approximate solution and the exact 

solution for N=10 In 2S . 
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